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The theoretical structure for the Stylized Johansen
model
In this exercise, we ask you to derive the equations for a simple

Exercise 3.1

Johansen model. The model has two commodities, two primary factors .

and one final user (the household sector). We use the subscript O to
refer to the final user. Subscripts 1 and 2 denote the two commodities
and the two industries which produce them. Subscripts 3 and 4 refer

to the primary factors labor and capital. We assume that: :
(i) the household sector chooses its consumption levels of goods 1
and 2 [Xlo and X20) to maximize the Cobb-Douglas utility

function 010 %20
U = X 10 X20 (E3.1.1)
subject to the budget constraint

where Y is the household expenditure level, and P; and Py are
the prices of goods 1 and 2. o;q and oy are positive parameters
summing to one.

(i) -industry j, for j = 1 and 2, chooses its inputs le; ij, X3j and X4j

to minimize Z P, Xij (E3.1.3)
i=1
subject to - O e Gae
= AX .”XaszX R (E3.1.4)

where the Xj;s are the purchases of good 1, good 2, lagor and
capital by 1ncfustry AB
A. and the o,.s are positive parameters with

J j
2oy=1
i=1
Thus, we assume that whatever industry j's output level might
be, the industry will minimize the costs of producing that
output. In (E3.1.4) we assume that j's production technology is
Cobb-Douglas.
(iii) our model accounts for all costs so that in each industry the

value of output equals.the value of the inputs. That is,
-

. is the output of good j by industry j; and
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lej ,,forj=12. (E3.1.5)
i=1
(iv) output levels for goods 1 and 2 (X; and X,) and employment
levels for labor and capital (X3 and X,) satisfy

D Xy=% .i=12 (E3.1.6)
j=0

and 2
Y Xy=% . i=34 (E3.1.7)

j=1
Equation (E3.1.6) implies that demands equal supplies for goods
1 and 2. For primary factors, we simply assume that demands
are satisfied, i.e., total employment of labor (Xg3) is the sum of
the demands for labor by the two industries. Similarly, the
employment of capital (X,) is the sum of the demands for capital
by the two industries.

(v) the household budget (Y) equals factor income, that is

Y = P3X3 + P4X4 . (ES. 1.8)
Now do the following:
(a) Show that the household demand functions are
X0 = 20Y/P;. i=12 . (E3.1.9)

(b) Prove that the production function (E3.1.4) exhibits
constant returns to scale.

(c) Show that the input demand functions for industries 1 and

2 are given by 4

= (04§97 HPt)/P i=1, ... 4, j=1,2 (E3.1.10)

where

(E3.1.11)

QJ = H (atj)—atj /Aj
t=1

(d) Show that o, fori=1, ..., 4 and j = 1,2, is the share of total
costs in industry j represented by inputs of i.
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(e) Derive from (E3.1.5) and (E3.1.10) the equations.
4

Olys
P =0 I1 pY. j=12. (E3.1.12)

t=1

What feature of the production functions (E3.1.4) is

important in explaining why the zero-pure-profit conditions
(E3.1.5) may be rewritten as relationships between prices
with no quantity variables? That is, what allows us. to
eliminate the st and Xijs in going from (E3.1.5) to
(E3.1.12)?

(f) Show that once we have made assumptions (i) ~ (iv), then it
is unnecessary to alsc include (v). In fact, (E3.1.8} is
derivable from (E3.1.9) and (E3.1.5) - {E3.1.7}. Thus,
(E3.1.8) may be omitted from our description of the
economy.

(g) Examine the system of equations (E3.1.9), (E3.1.10),
(E3.1.12), {E3.1.6) and (E3.1.7). Assume that these
equations are satisfied by

5(10, i=1,2; iij' i=1, ... 4, j=1.2; ki and f’l ,i=1, ... 4;and Y
Show that they continue to be satisfied when we modify this

solution by multiplying all monetary variables (i.e., B, i=1,....4;
and Y) by any & > O while leaving all real variables unchanged.

(h) The system of equations (E3.1.9), (E3.1.10}, (£3.1.12},
(E3.1.6), (E3.1.7) and (E3.1.23)6 is the structural form for

our Stylized Johansen model. It corresponds to the system

(3.1.1) in Section 3.1. How many variables o we fave in
our structural form? How many equations? Discuss
possible closures. Would the model be adequately closed if
we set Pg and P, exogenously?

Answer to Exercise 3.1
(a) On putting the ratio of the marginal utilities of the two goods

equal to the ratio of their prices, we find that

o971, %0 0105 %207] ~
01X 2 K20/ ayoX 10X 2 = P, /P, .

~This equation can be simplified and rearranged as
o10PeX90 = %20P1%10

T
6 (E3.1.23) is found in the answer to part (g) of this exercise.
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Now we substitute P1Xq out of the budget constraint (E3.1.2) to obtain

((@1p/090) + 1) PoXog = Y .
On recalling that oy + 0g9g =1, we establish (E3.1.9).

Notice that the as are budget shares. Under a Cobb-Douglas
utility function, the share of household expenditure going to each good
is independent of commodity prices and the level of total expenditure.

(») Imagine an initial situation in which the input levels are 3(1 i=
1, ..., 4, giving an output of X,. Now assurne that all input levels are
rmultiplied by 8 > 0 leading to a new output level, Z'_(j. (E3.1.4) implies
— _ai.
.= . )
%, = o I1 X, (E3.1.18)
i=1
and 4
= 4 y
X; A TT (esx1J ) (E3.1.14j
i=1

Since Ziaij = 1, we can rewrite (E3.1.14) as

4
% = o 11 5(‘;;11 (E3.1.15)
i=1 '

Hence, -

X; = 8,
Equation (E3.1.16) shows that the new output level is § times the old
one. This establishes that (E3.1.4) exhibits constant returns to scale.

(E3.1.16)

{c) The first-order conditions for industry j's cost minimization
problem are o '
04§(X3/Xy) = B/ fori=1, ..., 4 (E3.1.17)
and ' 4
- %"
X, =4 11 Xy (E3.1.18)
t=1

where A is the Lagrangian multiplier. To go from these five equations to
the four input demand functions, we must eliminate A. Our strategy is
to obtain an expression for A in terms of input prices and output. Then
we substitute this expression back into (E3.1.17).
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We start by rearranging (E3.1.17) as
Xij = )\«ainj/Pi N i=1, erey 4‘. (E3.1.19)

Now we substitute from (E3.1.19) into (E3.1.18). On simplifying the
resulting equation by taking into account that the as sum to one, we

find that 4

r=g, ITrY. (E3.1.20)
t=1

where Q; is defined in (E3.1.11). Finally we substitute from (E3.1.20)>

into (E3.1.17) to obtain (E3.1.10).
(d) We could work from the input demand functions, (E3.1.10).
However, it is simpler to use (E3.1.17), from which we have

Since the as sum over the first subscript to one, the right hand side of

(E3.1.21) simplifies to ;. Thus oy; is the share of j's costs represented
by inputs of i. Just as in part (a) we found that the Cobb-Douglas utility
function implies constant budget shares, here we find that the Cobb-
Douglas production function implies constant cost shares.

(e) By substituting from (E3.1.10) into (E3.1.5) we obtain

4 4
(Xt'
X, = Q. X Y j= ..
P > 0 QX Hpt , j=1.2. (E3.1.22)
i=1 t=1

Because the as sum to one, (E3.1.22) simplifies to (E3.1.12). "
The key to the elimination of the X's is the constancy of returns

to scale in the production functions (E3.1.4). Equation (E3.1.5) says '

that the value of output equals the cost of inputs. Equivalently, we could
say that average revenue per unit of output, P;, equals the average cost
per unit output. With a constant-returns-to-scale production function,
the minimum average cost per unit of output can be calculated from the
input prices. It is independent of the scale of output. Consequently, Pj
is independent of the scale of output. The average cost curve is flat.

() On multiplying the ith members of (E3.1.6) and (E3.1.7) through
by P;, and adding the resulting equations, we obtain
4

2 2 4
2 PiXio + > E Pixij = Zgixi )

i=1 j=1 i=1 i=1
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Next we substitute from (E3.1.9) and (E3.1.5). This gives

2 4
Y+ DPX = D PX.
j=1 i=1

That is,
Y =PgXg + PyXy

This is an example of Walras' law. Once we have assumed that
the total value of commodity outputs is equal to the total value of
commodity demands (intermediate plus household) and that it is also
equal to total costs (intermediate plus primary-factor), then we have
implied that total household expenditure equals total payments to
primary factors.

(g)  When we use the modified solution to evaluate the left and right
hand sides of (E3.1.9) we find that

LHS = )_(io and RHS = aio&_{ / 8f’i = ocio? / f)i .
Since the original solution satisfies (E3.1.9), we know that
Xio = 050Y / B
Thus the modified solution satisfies (E3.1.9). We can establish similar
results for (E3.1.10), (E3.1.12), (E3.1.8) and (E3.1.7).

We conclude that in the system (E3.1.9), (E3.1.10), (E3.1.12),
(E3.1.6) and (E3.1.7), the absolute level of prices is indeterminate. It is
often convenient to remove the indeterminacy by setting one of the
prices at unity. We assume that

P, = 1. (E3.1.23)

Thus, good one becomes the numeraire or measuring stick. P; will be
the worth of good i in terms of units of good 1.

(h) Our structural form consists of 17 equations with 19 variables.
To close the model we set values for two variables exogenously. One
possible choice for the pair of exogenous variables is the primary factor
employment levels, X5 and X,. This choice would be appropriate if, for
example, we were interested in estimating the change in factor prices
which would be required to allow a 10 per cent increase in the
employment of labor over a period in which the capital stock in use was
expected to increase by 5 per cent. Another possibility for the
exogenous variables is P35 and X,. Here we might be interested in the
effects of changes in wages, P3, on the employment of labor, X3, in the
short run, i.e., a period sufficiently short for us to assume that the
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economy-wide capital stock, X,, is determined indeﬁendently of
changes in wages.

A selection of exogenous variables which will not work is P5 and
P,. This can be explained in at least two ways. First, look at the two-
equation system (E3.1.12). This contains four variables P;, Py, P53 and
P4. In part (g) we argued that P, can be set at unity and we added
equation (E3.1.23) to our model. If we set Pg and P, exogenously, we
see that {E3.1.12) is a two equation system determining just one
variable, Py. Only by chance will there be a value for Py which is
consistent with (E3.1.12), (E3.1.23) and exogenously given values for

A second way to see that our model will not be closed adequately
with P4 and P, as exogenous variables is to think about what determines
the size of the economy. If we did happen to have a solution for our
model in which all of the Xs and Y were endogenous variables, then we

would be able to generate further solutions simply by multiplying the Xs-

and Y by any § > 0. We would have nothing to tie down the absolute size
of the economy. With P4 and P, as our exogenous variables, we have
over-determined the price side of our model and under-determined the
real side.

Exercise 3.2 The percentage-change form of the Stylized Johansen
model

Derive the percentage-change version of the structural form
(E3.1.9), (E3.1.10), {E3.1.12), (E3.1.6), (E3.1.7) and (ES3.1.23).

Answer to Exercise 3.2 o L

In deriving the percentage-change form, we apply three rules:

The Product Rule, R=fPQ=r=p+aq,

The Power Rule, R=BP% = r = ap,

and
The Sum Rule,

where r, p and q are percentage changes’ in R, P and Q, o and P are
parameters and Sp and SQ are the shares of P and Q in P+Q, i.e.,

Sp=P/(P+Q) and Sg=Q/(P+Q) .

R=P+tQ =r= pSP+qSQ,

7 They can, equally well, be interpreted as changes in logarithms.

{

/
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Each of these rules is derived by totally differentiating the levels
expression. In applying the rules, we must be careful not to divide by
zero. Percentage-change or log-change forms are unsuitable for
variables which have initial values of zero. To overcome this difficulty, it
is sometimes convenient to work with transformed variables. For
example, we might include in a model the power of a tariff (one plus
the ad valorem rate) rather than thie ad valorem rate. If the initial value
of the ad valorem rate is zero, then the initial value of the power of the
tariff is one. We will be able to calculate percentage changes or changes
in the logarithm of the power of the tariff but not in the ad valorem rate.

In our Stylized Johansen model, we will assume that there are
no variables whose initial values are zero. Therefore, we can apply our
three rules directly to the structural form (E3.1.9), (E3.1.10),
(E3.1.12), (E3.1.6), (E3.1.7) and (E3.1.23). We obtain

Xio=y-p » i=12, (E3.2.1)

4
xy = X~ Xoayp), i=1..4]=12 (E322)
Tot=1

4
Pj = Z C.tj Pt > =12 (E3.2.3)
t=1
2
Z Xy ﬁij =x , i=12 (E3.2.4)
=0 )
2
Z Xj4 ﬁij =% , i=34, (E3.2.5)
J=1
and p; =0, ’ (E3.2.6)

where the lower case xs and ps can be interpreted either as percentage
changes or log changes in the corresponding upper case variables, and

By=Xy/X;, i=1 .4, j=012

That is, the Bijs are sales shares.

It is worth pausing to examine the system (E3.2.1) - (E3.2.6).
Often the assumptions underlying a model are more clearly
interpretable from the percentage-change form than from the original
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structural form. In the present model we see from equation (E3.2.1)
that all household expenditure elasticities have the value 1, all own
price elasticities are -1 and all cross price elasticities are zero. In
anything beyond an illustrative model, a more realistic specification
would be required, especially for the expenditure elasticities. Engel's
law implies that expenditure elasticities for food are usually less than
one, while those for clothing and consumer durables are usually greater
than one — see Houthakker (1957). Consequently, for practical work
we need more general descriptions of preferences than the Cobb-
Douglas utility function (E3.1.1). Perhaps the most popular choice in
applied general equilibrium modeling is the Klein-Rubin or Stone-Geary
utility function leading to the linear expenditure system (see Dixon,
Bowles and Kendrick, 1980, E2.3).

Equation (E3.2.2) says that in the absence of changes in relative
prices, industry j will change the volumes of all its inputs by the same
percentage as its output. This is a consequence of assuming constant
returns to scale. On the other hand, if the percentage increase in the
price of input i is greater than the percentage increase in a particular
index of all input prices, then industry j will substitute away from input
i. Its demand for input i will expand by less than its output. The
weights used in the index of input prices are the cost shares, i.e., the
as. Finally in (E3.2.2), notice that the price-substitution term could
have been written as cj(pi - Zt(xtjpt), where ¢, = 1. In other words our
price-substitution term has an implied coefficient of one. This reflects
' the well-known property of Cobb-Douglas production functions that the
elasticity of substitution between any pair of inputs is unity. Ideally, we
should for applied work adopt more general production functions so
that the coefficients on the substitution terms can vary. ‘accordfr’-‘fg' to the

input substitution possibilities available in different industries. . .

Production specifications are discussed further in Exercises 3.9 - 3.13.

Equation (E3.2.3) says that the percentage change in the price
of good j is a weighted average of the percentage changes in input
prices, the weights being cost shares. Equation (E3.2.4) says that the
percentage change in the supply of commodity i is a weighted average
of the percentage changes in various demands for i, the weights being
sales shares. Similarly, (E3.2.5) equates the percentage change in the
employment of factor i to a weighted average of the percentage changes

in the industrial demands for i. The weights are the shares in the total

employment of i contributed by each industry. The last equation,
(E3.2.6), reflects our choice of good 1 as the nu_mg)raire.
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Exercise 3.3 Inputoutput data and the initial solution

(a)  Use the input-output data shown in Table E3.3.1 to evaluate the
parameters of the structural form (E3.1.9), (E3.1.10), (E3.1.12),
(E3.1.6), (E3.1.7) and (E3.1.23). That is, evaluate a;n for i =
1,2; Oy fori=1,..,4andj=12; and Qj for j = 1,2.

Hint: In evaluating the Q;s, assume that the quantity units underlying
the flows in Table 133.3. 1 are defined so that all prices are unity.

(b) Having evaluated the parameters of the structural form, we can
check any suggested set of values for prices and quantities for
consistency with our model. Check that the structural form
equations are satisfied by the values in the input-output table,
i.e., check that the model is solved by P; =1fori=1, ..., 4, X;;
=4,X91=2,X31=1,X41=1X;=8,X9 =2, X99 =6, X359 =3,
Xpo=1,%5=12,X,0=2,X90=4,Y=6,Xg3=4and X, = 2.

Answer to Exercise 3.3

(a) From (E3.1.9) we know that the oS are budget shares. For
consistency with Table E3.3.1, they should be fixed at -

oc10=2/6=0.§ and oc20=4/6=0.§,

where we use the notation 0.3 and 0.6 to denote 0.33... and 0.66... .

From (E3.1.10) we know that the oys fori=1,..,4andj=12
are cost shares. The values implied by Table E3.3.1 are

%11 %12 . 05 016
021 %22 _ 025 0.5

03] Ogo B 0.125 0.25
Ggq %o 0.125 0.083

To evaluate the Q;s, we need to be able to tie down the A:s; see
(E3.1.11). From (E3.1.4),it is clear that the values of the Ajs depend on
the units chosen for quantities of inputs and outputs. We adopt the
convention that one unit of good or factor i is the amount which costs 1
dollar in the base period, i.e., the period to which our input-output data
refer. Thus, without explicitly evaluating the Ajs, we can conclude from
(E3.1.12) that Qj = 1forj=12

&
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Table E3.3.1
Input-Output Data (Flows in dollars)
Industry Households Total Sales
1 2
Commodity 1 4 2 2 8
2 2 6 4 12
Primary Labor 3 i 3 4
Factors Capital 4 || 1 1 2
Production 8 12 6
(b) To check that the structural form equations are satisfied by the

suggested values, we can substitute into left and right hand sides. For
example, for i = 1, we have

LHS (E3.1.99)=2 and RHS(E3.1.9 =03 x6/1=2 .

Notice that our input-output data satisfy an important balancing
condiiion. The total value of inputs for each industry equals the total
value of sales. Where the share parameters® of a general equilibrium
model are set to be consistent with a balanced input-output table, we
can always use the table to deduce an initial solution to the structural
form equations. The initial solution contains information which can be
valuable in computing new solutions, especially if the exogenous shocks
under consideration are not too large. If is a strength of the Johansen
approach that it makes full use of the initial solution as a starting point
for finding new solutions. I R

Exercise 3.4 Inputoutput data and the evaluation of. AV

Complete the representation in Table E3.4.1 of the linearized
system formed from (E3.2.1} - (E3.2.6) when the coefficients are
evaluated using the input-output data from Table E3.3.1. That is,
evaluate the A(VI] matrix.

8 In the Stylized Johansen model, the share parameters of the nonlinear
structural form (the as) are simple cost and budget shares. When we move
beyonid Cobb-Douglas functions, then the share parameters (e.g., the &'s in
the CES form, see Exercise 3.9} are less readily interpretable. It remains
true, nevertheless, that when théir values are set for consistency with a
balanced input-output table, then the table reveals an initial solution to the
structural form.
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Table E3.4.1

The Transpose* of the Matrix A(VI) Jor the Stylized Johansen Model:
Incomplete

(E3.2.1) (E3.2.2) (E3.2.3) | (E3.2.4) | (E3.2.5)

(E3.2.6)

y| -1~

Xlo 1
X920 1
X11 1

X21
X31
X41

X12
X922
X32
Xa2

X1 -1

X2
X3
X4
py| ! 5

Py 1 1-25

P3 —-125

P4 -125

*  For typographical convenience we have listed the columns of A(VI] as rows.

Answer to Exercise 3.4
See Table E3.4.2.

Exercise 3.5 Condensing the Stylized Johansen model

In a detailed Johansen model, the dimensions, m and n, of A(V)
may be very large. For example, in the ORANI model of the Australian
economy both m and n are several million. Therefore, before we try to
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Table E3.4.2

Answer to Exercise 3.4: The Transpose of the Matrix A(VI) for the
Stylized Johansen Model*

(E3.2.1) (E3.2.2) (£3.2.3) | (E3.2.4) | (E3.2.5)

(E3.2.6)

y| -1 |-

X10 1 ~-.25

X920 1
X11

X91 1

X31

X41 1

X12

X922

X32

X492

X RN N 1

X2

X3

X4

pit 1 5|-5|-5]-5].83|-18|-18]-16]| .5 |-.18 p 1

P2 1 |-25].75 |-25}-25(~5| 5 | -5 |-5]|-25] .5

P3 _125]-.125].875 |-.125|-.25 |-.25 | .75 |-.25|-.125|-.25

Pa —.125|-.125|-.125 .875 |-.083]-083(-083| .916 [-.125|~083

*  For typographical convenience we have listed the columns of A(V') as rows.
Numbers of the form .83, .16, etc. are to be read as .8333..., .1666..., etc.

implement a solution of the form (3.1.10), it may be necessary to
condense the linearized version of the model by eliminating some
equations and variables. That is, starting from the m x n system
AVjv=0 ,
we derive a system of the form _
A*(Vv* =0 o

Ll
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where A* has the dimensions (m-1) x (n-1), v* is a (n-1) subvector of v
and r is the number of eliminated variables.

(a) Condense the system (E3.2.1) - (E3.2.6) by eliminating
household demands, x;q, i = 1,2, and input demands, Xjj»
i=1,..4,j= 12 Thatis, derive a seven equation system in
the nine variables, x;, p;, 1= 1, ..., 4 and y.

(b) Using the data from Table E3.3.1, compute the coefficient
matrix A*(V ) of the condensed system.

(c) In condensing a Johansen model, what criteria would you apply
in selecting the variables to be eliminated?

Answer to Exercise 3.5

(a) We substitute the right hand sides of (E3.2.1) and (E3.2.2) into
(E3.2.4) and (E3.2.5). The resulting 7 x 9 condensed system consists of

(£3.2.3), (E3.2.6), plus
2 4

=Py Byo + lej —p - oy Pl By =%, 1=12, (E3.5.1)

j=1 t=1
2lx - (- XoypllBy=x. 1=34, (E3.5.2)
J=1 t=1

(b) See Table E3.5.1.

(c) First, we would avoid eliminating variables which we might want
to set exogenously in some applications of the model. For example, we
would not normally eliminate tax and tariff rates. In our Stylized
Johansen model, we would not choose factor supplies or factor prices
for elimination. Eliminated variables are necessarily endogenous.

Second, we would avoid eliminating key endogenous variables,
those which are likely to be of interest when we are analyzing and
presenting results. This criterion is not as important as the first.
Eliminated variables can usually be recovered quite simply by back-
solving. For example, if we used the condensed system (E3.2.3),
(E3.2.6), (E3.5.1) and (E3.5.2) in computing solutions for our Stylized
Johansen model, then by substituting values for x;, p;, i=1, ..., 4 and y
into (E3.2.1) and (E3.2.2) we could extend our solution to include the
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Table E3.5.1
Answer to Exercise 3.5(b): The Matrix A*(VI) Jor a Condensed Form of
the Stylized Johansen Model

Equation Variable
]y X1 1% |®3 1% | P Pg | Pg | Py
.5 -25 ~125 -125
(#3239 -18 5 -25 -.083
~.25 .5 =25 7083 -25 -125 -.083
. -3 | -18 5 -16 7083 |-14583 | -.0625
~-25 | =75 1 -25 | --4375 | 78125 {-09375
(Easa -5 -5 1 -3 -375 | -1875 | 89583
(£3.2.6) i

ten eliminated variables x;q, 1 = 1,2 and x4, 1 = 1, ..., 4, j = 1,2.
Nevertheless, back solving involves extra codmg and computer time and
it should be avoided if possible. Thus, we would include industry
outputs and industry employment levels in the condensed syster,
whereas we might exclude intermediate input flows.

Third, we would try to keep the algebra simple. Ideal targets for
elimination are variables which appear in no more than one or two
equations and for which we have explicit expressions in terms of
variables which are to be included in the condensed system

Commodity flows to households and input flows to industries often meet:

this criterion. For example, in the Stylized Johansen model, (£3.2.1)
and (E3.2.2) provide simple explicit expressions for x5, i = 1,2 and Xyj0
i=1,..,4,]= 12 in terms of variables to be included in our condensed
systern. In addition, each of the x;5 and x;; appear in only one other
equation of the system (E3.2. 1) - (E3.2. 6} namely, in the relevant
market-clearing equation.

How much condensing should we do? This depends on the

programs we have available for solving linear systems. For example,
with the GEMPACK software packagcg, systems containing up to 1,000

9 See Codsi and Pearson (1988).
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equations can be solved on commonly available personal computers.
Hence, condensation is often unnecessary. Even for very large models
still requiring condensation, GEMPACK removes the algebraic drudgery,
users simply being required to specify which equations are to be used to
eliminate which variables. These automated condensation procedures
are less prone to error than use of pencil and paper.

Exercise 3.6  Two solution matrices for the Stylized Johansen model

In Exercise 3.3, we saw how the input-output data in Table
E3.3.1 provide an initial solution, V!, for our Stylized Johansen model.
Then in Exercise 3.4, we evaluated the coefficients of the system
(E3.2.1) - (E3.2.6) at V1 This allows us to represent the model in the

linearized form

mﬂw:o (E3.6.1)

where A(VI] is the 17 x 19 matrix whose transpose is shown in the body
of Table E3.4.2 and v is the 19 x 1 vector of variables listed in the left
margin of the table.

To solve the model we first choose two variables to be
exogenous and we rearrange (E3.6.1) as in (3.1.9). Then, dS in equations
(3.1.10) and (3.1.11), we compute the 17 x 2 matrix B(V) This is our
solution matrix. The typical element shows the elasticity at W of the ith
endogenous variable with respect to the _]th exogenous variable.

In Table E3.6.1 we have given two solution matrices. The first

‘was computed with the exogenous variables being x5 and x, (employ-

ment of labor and capital). In this computation, the columns of Ayl (vh
are rows 1-13 and 16-19 of the transpose of A(V]) as displayed in Table
£3.4.2 and AB(VI) s columns are rows 14 and 15 of the same table. In
the second computation the exogenous variables are pg and x4 {the
price of labor and the employment of capital). In going from the first to
the second computation we switched column 14 out of the Agx(V})
matrix into the Aa(VI) matrix and column 18 out of the' A (VI) matrix
and into the AB(V) matrix. You might like to use the saftware and data
on the companion diskettes described in Chapter 1 .to carry out these
two simulations for yourself and to check the results in Table E3.6.1.

In using a model, it is important to be able to explain the
solution matrices in some detail. Convincing applications are possible
only if we can isolate the particular aspects of the model which are
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responsible for particular results. In this exercise, your task is to
explain various aspects of our two solution matrices for the Stylized
Johansen model. Specifically, where N (RS} denotes the elasticity of
endogenous variable R with respect to exogenous variable S in compu-
tation r {for example, N 1(Y,X3) is 0.6, nz(Xlo,Ps) is -1.5, etc.), account
for the following relationships which are apparent in Table E3.6.1:

(a) (P, V) =0 (E3.6.2)
where V is any exogenous variable andr = 1,2.
(b) Y.V} =n X0V (E3.6.3)
and N Y.V) = 1 Xg0.V) + N(Pg,V) (E3.6.4)
where V is any exogenous variable and r = 1,2.
(c) N (Pg.Xg) <O. (E3.6.5)
(d) 1, (V.Xg) + M (V.Xy) = 1 (E3.6.6)
where V is any endogenous quantity or income variable, and
n,(V.Xg) +11(V.X4) = 0 (E3.6.7)
where V is any endogenous price variable.
(e) Ng(V.Xy) =1 (E3.6.8)
where V is any endogenous quantity or income variable, and
Mo(V.Xy) =0 (E3.6.9)
where V is any endogenous price variable.
(0 No(V.Pg) = 1;(V.Xg)/n(P3.X3) » (E3.6.10)

MoV.Xy) =1 1V.Xg) -1 1(V.Xg) nl(P3,X4)/ﬂ1(}?3,X3) "%"‘@3'6' 11)
NgX3,Pg) = 1/111(P3,X3) ,
NgXKg:Xyg) = - N7 (P3.X4)/M 1P3.X3)
where V is any variable which is endogenous in both

computations 1 and 2. Can you see any practical application
for relationships such as (E3.6.10) - (E3.6.13)?

and

(g) n;(Xg31.Xg) = N1 K30 X3) = 1., (E3.6.14)
M Xy1.X3) = N1(Xg0X3) =0, (E3.6.15)
ny(Xg1.Xg) =M1 (X30.X4} =0, (E3.6.16)
n1Xy1Xy) =M1 Ky Xg) =1, (E3.6.17)
(P35 Xg) + M (PgXg) =1, (E3.6.18)

and n1(Pg.Xg) ~My(Pg. Xg) =1 . (E3.6.19)

(E3.6.12)
(E3.6.13) "
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Table E3.6.1
Solutions for the Stylized Johansen Model under Alternative Closures
(1) Exogenous factor (2) Exogenous wages
employment and capital
employment
Variable
Number 14 15 18 15
X3 X4 P3 X4
Elasticity with respect |employment employment| price of employment
of 4 to — of labor of capital labor of capital
1 Y Household 0.6 0.4 -1.5 1
expenditure
2 Xjo Household 0.6 0.4 -1.5 1
3 Xy demands 0.7 0.3 -1.75 1
4 Xy; Intermediate 0.6 - 0.4 ~-1.5 1
5 Xg9; and primary 0.7 0.3 -1.75 1
6 Xg; factor inputs to 1 0 -2.5 1
7 X4 industry 1 0 1 0 1
8 X,o Intermediate 0.6 04 -1.5 1
9 X99 and primary 0.7 0.3 -1.75 1
10 Xgo factor inputs to 1 0 -2.5 1
11 X0 industry 2 0 1 0 1
12 X; Commodity 0.6 0.4 -1.5 1
13 X, supplies 0.7 0.3 -1.75 1
14 X3 Employment N.A. N.A. -2.5 1
15 X, levels N.A. N.A. N.A. N.A.
16 P; Commodity 0 0 0 0
17 Py and factor -0.1 0.1 0.25 0
18 P3 prices -0.4 0.4 N.A. N.A.
19 Py 0.6 -0.6 -1.5 0
N.A. (not applicable). The variable indicated in the row is exogenous.

Answer to Exercise 3.6

(a)

Recall from (E3.2.6) that the price of good 1 is fixed in all

computations.

(b)

Equations (E3.6.3) and (E3.6.4) follow from the household

demand equations (E3.2.1). For interpreting (E3.6.3), it is again
necessary to recall that the price of good 1 is fixed.
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(c) What we must explain is why an increase in the emiployment of
labor, with the employment of capital held constant, reduces the price
of good 2.

There are two avenues in the Stylized Johansen model for
absorbing extra labor without changing the economy-wide employment
of capital. First, there could be an increase in the labor/capital ratios of
bothl0 industries. This would require a reduction in the price of labor
relative to that of capital leading to a reduction in the price of the labor
intensive commodity relative to that of the capital intensive commodity.
A glance at Table E3.3.1 is sufficient to convince us that good 2 is
relatively labor intensive.

The second avenue is to increase the output of the labor
intensive good (good 2) relative to that of the capital intensive good
(good 1). Again this would require a reduction in P, relative to P;.
Otherwise, the change in the commodity composition of demands
would not match the change in the composition of supply. Thus, with
P, fixed, P, must fall if extra labor is to be absorbed through either
avenue.

(d) Equations (E3.6.6) — (E3.6.7) imply that a one per cent increase
in the employment of both scarce factors causes all real quantities and
income to increase by one per cent with no changes in any prices. This
reflects an absence of scale effects. In the Stylized Johansen model
there are constant returns to scale in production and unitary income
elasticities in consumption. Therefore, if we increase the employment
of both labor and capital by one per cent, we can arrive at the new
equilibrium without any changes in prices by
(1)  increasing household income by one per cent causing ..
(ii) increases of one per cent in all household commodity demands
which can be satisfied by
(iii) one per cent expansions in all commodity outputs which are
made possible by
(iv) one per cent increases in all inputs (primary and intermediate).

(e) With the closure used in computation 2, capital is the only
scarce factor. Equations (E3.6.8) and (E3.6.9) imply that if the wage
rate is held constant, then a one per cent increase in the employment

10  From (E3.2.2) we find that: X3] ~X41 = P4 - Pg = Xg9 ~X49. Hence, the
labor/capital ratios in the two industries canngt move in opposite
directions.
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of the scarce factor leads to a uniform one per cent expansion in the
real side of the economy with no price changes. This result again
reflects an absence of scale effects. Again we can arrive at the new
equilibrium by a simple sequence. First we increase the employment of
capital by one per cent in each industry without any changes in prices.
Then we must increase all other inputs in both industries by one per
cent - otherwise we would violate the cost minimizing input demand
equations (E3.2.2). This means that we have increases of one per cent
in the outputs of both commodities. Since the use of both commodities
as intermediate inputs has increased by one per cent, we can be sure
that there are one per cent increases in the quantities left over for
household consumption. Finally, we note that the increase in factor
employment has expanded household income by one per cent. Thus we
have an equilibrium because the increase in the availability of
commodities for household consumption is matched by the increase in
household demand.

8] N9(V,P3) is the percentage change in variable V arising from a
one per cent increase in the wage rate holding constant the
employment of capital. Obviously we can compute n,(V,P3) by adopting
closure 2 and by setting p5 = 1 and x4 = 0. Alternatively we could adopt
closure 1. Then the percentage change in variable V is given by

v =1;(V.Xg)xg + 11 (V.X4)xy . (E3.6.20)

Also we have

If we now want to compute the effect on V of a one per cent increase in
wages with zero effect on the employment of capital, we can evaluate v
in (E3.6.20) - (£3.6.21) with pg =1 and x4 = 0. This gives (E3.6.10).

To obtain (E3.6.11) we first note that nz(V,X4) is the percentage
change in variable V arising from a one per cent increase in the
employment of capital, holding constant the wage rate. Thus, n4(V,Xy)
may be found by computing v in (E3.6.20) - (E3.6.21) with x; = 1 and
pg = 0. This gives ’

» v =n7(V.Xy -1 (V.Xzn(P3.Xy) / 11(P3.X3),
establishing (E3.6.11). ’

Equation (E3.6.12) is derived by using (E3.6.21) to evaluate x5
when pg = 1 and x4 = 0. Finally {E3.6.13) follows if we evaluate x5 in
(E3.6.21) with x4 = 1 and p3 = 0.

Relationships such as (E3.6.10) - (E3.6.13) enable us to go from
one closure to another without having to repeat the partitioning and
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solving steps described in (3.1.9) - (3.1.11). By applying these
relationships to the results in Table E3.6.1 for closure 1, we can deduce
any of the results for closure 2.

Computations similar to this are often useful in analysing
simulation results. For example, imagine that we are trying to interpret
a set of results on the effects of increases in tariffs computed under the
assumption that the real wage rate adjusts to ensure that there is no
change in aggregate employment. We may wish to see how the results
are affected if we adopt the alternative assumption that it is employ-
ment which adjusts rather than the real wage rate. This requires a
change of closure with aggregate employment becoming endogenous
and the real wage rate becoming exogenous. By using relationships
such as (E3.6.10) — (E3.6.13), results for key variables under the new
closure can be computed conveniently with a pocket calculator.

(g2) The first step in understanding (E3.6.14) - (E3.6. 19) is to
recognize that in the Stylized Johansen model the ratio of the value of
output in industry 1 (Z;) to that in industry 2 (Zy) will never change.
This would be obvious if there were no intermediate inputs. Then the
values of outputs from industries 1 and 2 would equal the values of
household demands for commodities 1 and 2. Under the Cobb-Douglas
utility function, (E3.1.1), value shares in household expenditure are
constant which would imply that value shares in total production would
be constant also.

With intermediate inputs in the story, the constancy of Z,/Z,
depends on the Cobb-Douglas specification of the production functions
as well as that of the utility function. The Cobb-Douglas production
functions mean that in each industry the share of each input in the total
value of output is constant. Thus, in the Stylized" Johansefi model

implemented with the data in Table E3.3.1, we know that the value of «

commodity 1 used in the production of commodity 1 will always be 221
and that value of commodity 1 used in the production of commodity 2
will always be 622 Since the value of household consumption of
commodity 1 will always be one third of total expenditure (Y), we can
write:

1 1 1 .
Zl =572+ éZ2+ §Y . (E3.6.22)
Similarly 1 1 9 :
22 = ZZI+ 522 + QY , (E3.6.23)
implying that ]
pineg _5Y and Zg=2Y , (E3.6.24)

»

giving Z,/25=2/3 . (£3.6.25)
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Now that we have shown that Z,/Z, is constant, it is also clear
that X;; /X, is constant for i = 1, ...,4. Remember that input value
shares in Z; and Zy are constant and that input prices do not vary
across industries. In particular, the employment of labor will always be
allocated between the two industries in the base period proportions,
i.e., 25 per cent to industry 1 and 75 per cent to industry 2. Similarly,
the employment of capital will always be allocated 50 per cent to
industry 1 and 50 per cent to industry 2. Therefore, if there is an x per
cent increase in the aggregate employment of labor, there must be an x
per cent increase in the employment of labor in each industry. If we
put x equal to one, we have explained (E3.6.14) and, if we put it equal
to zero we have explained (E3.6.16). Equations (E3.6.15) and (E3.6.17)
follow in a similar way when we consider x per cent increases in the
aggregate capital stock with x = 0 and x = 1. Finally, if there is an
increase in the employment of labor of one per cent in each industry
with no change in the employment of capital, then P,4/P5 must increase
by one per cent — otherwise there would be changes in the labor and
capital shares in the values of industry output. Consequently we observe
(E3.6.18). Similarly, if the employment of capital increases by one per
cent in each industry with no change in the employment of labor, then
P3/P, must increase by one per cent. This leads to (E3.6.19).

B. ELIMINATING JOHANSEN'S LINEARIZATION ERRORS

Given a vector V which satisfies the structural equations (3.1.1),
the Johansen method allows us to evaluate the derivatives or elasticities
of the endogenous variables with respect to the exogenous variables. By
totally differentiating the system (3.1.1) and applying the matrix
operations described in (3.1.9) - (3.1.11) we obtain a matrix B(V) of
either derivatives or elasticities at the point V. Johansen (1960)
evaluated his B matrix at VI, the vector of prices and quantities revealed
by his base-period input-output data. He then calculated the effects on
the endogenous variables (Va) of changes in the exogenous variables (vp)
according to (3.1.11). The well-known weakness of this. calculation is
that it fails to allow for changes in the derivative or elasticity matrix,
B(V), as V moves away from V.

The first step in overcoming this weakness is to recognize that
we are dealing with a problem treated in detail in texts on numerical
analysis. We have a system of the form

' F(Vp, V) = 0
We assume that the system has a solution of the form

Vg = G(VB)
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where F(Vg, G(W) ) =

for all Vi in a neighborhood of an initial point, VB While we do not
know the form of the G functions, we do know how to evaluate a matrix

B(V) which has the property that
VG(W}) = B(Y)

for all V satisfying the structural equations, where VG(Vp) is the matrix
of partial derivatives of G and Vp is the exogenous subvector of V. Thus
our problem is the standard one of numerical integration, i.e., given a
starting point V and a formula for VG(VB] evaluate

= GV B] - G(VB]
where VIB and VIB are the final and initial values of the exogenous
variables.

Having recognized the nature of our problem, we are free to
solve it by using one of the numerous methods described in texts on
numerical analysis.1! These methods can be applied in our situation by
multi-step Johansen procedures. In Exer01ses 3.7 and 3.8 we ask you
to apply the Euler method where the shifts, (V B~ Vﬁ) in the exogenous
variables are broken into n equal parts or possibly n equal percentage
parts. Conceptually this is the simplest approach and it has, as was
mentioned in Section 3.1, proved adequate in applications to the
solution of general equilibrium models. Nevertheless, it would be
possible in muilti-step Johansen computations to adopt strategies which
normally generate faster convergence to the true solution as we in-
crease the number of steps, e.g. the strategy of Runge and Kutta, (see
Cohen, 1973, Chapter 11).

R ‘o

Exercise 3.7 An introductory example of a muliifstep Johansen

computation
In this exercise we return to the system (3.1.2). Assume, as we
did in Section 3.1, that V3 is the exogenous variable and that initial
values for the variables are given by (3.1.4).

(a) Use a two-step Johansen procedure to compute the effects on
V) and Vg of a 100 per cent increase in V3. Base the
calculations on (3.1.7), i.e., do the calculations using percentage
changes in the variables. In the first step, calculate the effects
on V) and Vg of moving Vg from 1 to 1.5. Then reevaluate the

11  See for example, Cohen (1973), Dahlquist, Bjorck and Anderson (1974) and
Conte and de Boor (1980).
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elasticities of V| and Vo with respect to V5. In the second step,
use the reevaluated elasticities in calculating the effects on V;
and Vg of moving Vg from 1.5 to 2.

(b)  Use a 4-step Johansen procedure to compuite the effects on V;
and Vg of a 100 per cent increase in V. In the first step,
increase Vg from 1 to 1.25. In the second, increase Vg from
1.25 to 1.50, etc. Continue to work with percentage changes
rather than log changes.

(c) At this stage we have three Johansen-style estimates based on
_ (8.1.7) of the values of V| and V5 after a 100 per cent increase
in Vg: the one-step estimate (0.5, 1.5) derived in Section 3.1 via
equation (3.1.16) and the 2- and 4-step estimates obtained in
parts {a) and (b) of this exercise. In Table E3.7.1, we have done
some more arithmetic and added the 8-step estimate. Can you
see a relationship between these four estimates? How could we
extrapolate from the one- and two-step results to obtain
improved estimates of the effects on V; and Vy of a 100 per
cent increase in V3? Can you provide an extrapolation using all
four sets of results?

Answer to Exercise 3.7

(a) In this example we have
Vi1
V2:l =BV)vg , (E3.7.1)
where : -1
2 0 1 -0.5
B(V) = - [ :l = . (E3.7.2)
V1/2 V2/2 0 O.5V1/V2

We interpret the v;s as percentage changes.
In the first step of the two-step procedure we use

], ,=pwsso=|

as our estimate of the percentage effects on V| and Vg of moving Vg
from 1 to 1.5. Thus, at the end of the first step, V has moved from

(1,1,1) to
(V)l 9 = (0.75, 1.25, 1.5)

where we use the notation (V); g to denote the value of V at the end of
the rth step of an s-step procedure.
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In the second step of the two-step procedure we use

-16.6
vi _ 1 - =

as our estimate of the percentage effects on V; and V;, of moving Vg3 from
1.5 to 2. Hence, our final estimate of V in the two-step procedure is
© (V)g o = (0.625, 1.375, 2) . (E3.7.3)

On comparing (3.1.4) and (E3.7.3) we conclude that a 100 per cent
increase in V3 induces a 37.5 per cent reduction in V; and a 37.5 per
cent increase in V.

(b) Our calculations give
Vl- -12.5
|:V = [ ] leading to (V) 4 = (0.875, 1.125, 1.25),

2]1,4 12.5 '

—VIT -10
v. = l: ] leading to (\/']2,4 = (0.7875, 1.2125, 1.5),
L7212,4 7.7
—Vl_ _8'..3_
v = [ ] leading to (V)3 4= (0.7219, 1.2781, 1.79) ,
1 Y23,4 5.4124 ’

and finally
_vl' -7.1429 \ .
v. = { ] leading to (V)4 4 = (0.6703, 1.3297, 2).
1 Y214,4 4.0342 !

We conclude from the four-step procedure that a 100 per cent increase
in V3 induces a 32.97 per cent reduction in V; and a 32.97 per cent
increase in Vo, L

Sy e
(e) Let us denote the result for variable i from a procedure with

step size h by Vi(h). (For example, in Table E3.7.1, Vz(—é) = 1.3103). We":!

make two assumptions. First that
lim Vy(h) = V] (E3.7.4)
h —»(
where V’iI: i = 1,2, is the true value for variable i after we increase Vg to
2. V’lf and Vg can be derived from (3.1.3) and are shown in the last row
of Table E3.7.1 as 0.7071 and 1.2929. Our second assumption is that
Vi(h) can be expressed as

vith) = Y a bt i=12, (E3.7.5)

r=0 .
s
over the relevant range for h (in our example [0,1]).
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Table E3.7.1
Solutions for V; and Vg in the System (3.1.2) when V3 is moved
from 1 to 2: Calculations based on (3.1.7) (a)

Endogenous Variables \A Vo
Initial Values 1 1
Estimated values after an increase in Vg from 1 to 2

1 - step computation 0.5 1.5

2 - step computation 0.625 1.375
4 - step computation 0.6703 1.3297
8 - step computation - 0.6897 1.3103
1,2 step extrapolation (b) 0.75 1.25
1,2.4 step extrapolation (¢) v 0.7041 1.2959
1,2,4,8 step extrapolation (@ - 0.7073 1.20927
Truth (¢ 0.7071 1.2929

(8) The calculations were done in percentage changes with the change in
V3 divided into equal parts. For example, in the first step of the 2-step
calculation, we set 100(dV3)/V3=50 thus moving V3 from 1 to 1.5. In
the second step we set 100(dV3}/V3 = 33.3, moving V3 from 1.5 to 2.

(b) Computed according to (E3.7.9).
o) Computed according to (E3.7.14).
(d Computed according to (E3.7.16).
(e) Computed using (3.1.3).

Assumption (E3.7.4) says that by making the step size
sufficiently small, i.e., by taking a sufficient number of steps, we can get
arbitrarily close to the true answer. In other words, our n-step
procedure converges to the true solution as n becomes large. If you
want to read about convergence conditions, look under Euler's method
in an intermediate text on numerical analysis, e.g., Young and Gregory
(1972, pp. 441-449) and Conte and de Boor (1980, pp. 359-362).
Convergence conditions are studied in detail in the specific context of a
Johansen model in Dixon et al. (1982, section 35).

Assumption (E3.7.5) relies on the idea that continuous functions
can be approximated arbitrarily closely by polynomials of sufficiently
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high degree - see Young and Gregory (1972, p. 308).12. Notice that
(E3.7.4) and (E3.7.5) together imply that

Vi =ag . i=12 . (E3.7.6)
Now suppose that Vj(h) can be approximated by
Vl(h) = alo + allh y i= 1,2 . (E3.7.7)

In (E3.7.7) we are assuming that the higher order terms in (E3.7.5) can
be ignored in the relevant range for h. If (E3.7.7) were valid, then we

would have .
Vij(h/2) - Vj(h) = ~(a;;/2)h , i=1.2 . (E3.7.8)

In particular, we would have
Vi(1/2) - Vi(1) = ~(a;;/2) .
Vi(1/4) - Vi(1/2) = —(a;;/2) (1/2)
Vi(1/8) - Vi(1/4) = —(a;;/2) (1/4) , i=1.2

Hence we would find that the gaps between the answers from the one-
and two-step procedures would be twice the gaps between the answers
from the two- and four-step procedures. Similarly, the two/four gaps
would be twice the size of the four/eight gaps. On looking at Table
E3.7.1 we see that these relationships are approximately satisfied. For
example, the results for V; give

V1(1/2) - Vo(1) = 0.125 = 0.0906 = 2(V,(1/4) - V(1/2)) ,

d
V1(1/4) - V1(1/2) = 0.0453 ~ 0.0388 = 2(V(1/8) - V;(1/4))

The importance of approximations such as (E3.7.7) is that they
often allow us to achieve adequate accuracy with multiple-step Johansen
computations even though our computer budget may be suffieient for

and

only a small number of steps. Assume, for example, that we are able to
make only a one-step computation and a two-step computation. In ™

terms of our example, we are able to evaluate Vj(1) and V;(1/2) for i =
1,2. Then (E3.7.7) suggests that we should estimate VTi‘ by solving for

;g in the equations Vi(l) = ajg + a3,

Vi(1/2) = ajg + ai1/2

12. It might be objected that h takes only the values 1, 15 %, etc. and is not a
continuous variable. To overcome this problem, we can imagine that if h is
0.4, for example, then our procedure is to increase V3 from 1 to 1.4, then
from 1.4 to 1.8 and finally from 1.8 to 2. If h = 0.7, we move V3 from 1 to 1.7
and then from 1.7 to 2, etc.
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. . T
That is, we should estimate V; by extrapolation from our one- and two-
step solutions according to

vi=2via/2) -vi(1), 1i=12. (E3.7.9)
The results of applying (E3.7.9) are shown in Table E3.7.1 in the row
labelled 1,2 step extrapolation.

If our computer budget is a little less limited so that we can
afford to make one-, two- and four-step computations, then we can
replace (E3.7.9) by a more sophisticated extrapolation equation. First,
we replace (E3.7.7) by the improved approximation

Vi(h) = ayy+ a;,h + aph? . (E3.7.10)

Then, assuming that we have computed Vj(h), Vj(h/2) and Vj(h/4), we
solve for a;q in the system of equations

Vith) = ayq + a;;h + a;ph? | (E3.7.11)
Vi(h/2) = ajg + (a;;/2)h + (aj/4h? | (E3.7.12)
Vi(h/4) = ayg + (a;; /4)h + (aj5/16)h% | (E3.7.13)

The solution for a;; can be obtained by first multiplying (E3.7.11) by -1,
(E3.7.12) by 6, (E3.7.13) by -8 and then adding the resulting equations.

This gives
-Vj(h) + 6Vj(h/2) - 8Vj(h/4) = 33,5 .

leading to the extrapolation equation

V’}‘= (8/3) Vi(h/4) - 2Vi(h/2) + (1/3)Vih) . (E3.7.14)
Application of (E3.7.14) in our example with h = 1 gives the results
shown in Table E3.7.1 in the row labelled 1,2,4 step extrapolation.

When Vj(h), Vi(h/2), Vi(h/4) and V;(h/8) are available, we can
improve the approximation (E3.7.7) to

Vih) = a5 + (a;)h + a;oh? + a;5h . (E3.7.15)

Then following a strategy similar to that which lead to (E3.7.9) and
(E3.7.14) we can derive the extrapolation equation ' .
V’f= (64/21)V;(h/8) ~ (56/21)V;(h/4) + (14/21)V;(h/2) -(1/21)Vj(h).

(E3.7.16)

Application of (E3.7.16) in Table E3.7.1 gives the results in the row

. labelled 1,2,4,8 step extrapolation.

Readers who are familiar with the numerical-methods literature
will recognize equations (E3.7.9), (E3.7.14) and (E3.7.16) as examples
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of Richardson’s extrapolation.13 Extrapolation techniques ‘can usefully
supplement any computational procedure where the aim is to evaluate
F(h) in the limit as h approaches zero by computing a sequence F(h,),
F(hy),... for hy > hy >...>0. Dahlquist, Bjorck and Anderson (1974, p.
270), in referring to an extrapolation procedure, comment that: “This
process is, in many numerical problems — especially the treatment of
integral and differential equations — the simplest way to get results
which have negligible truncation error”.

Exercise 3.8 A multi-step computation for the Stylized Johansen
model

Figure E3.8.1 is a flow diagram for a multi-step solution of a
Johansen model. To start the computations (box 1), we must read in
the input-output data (Table E3.3.1 for our Stylized model). Normally,
we would also read in various substitution parameters. In the Stylized
model, this is not necessary. Under the Cobb-Douglas specifications in
this model, all the substitution elasticities are unity, and need not
appear explicitly in our computations. Other data which can be
supplied at the initial stage of the computations are the closure (i.e., the
choice of exogenous variables), the shocks (i.e., the changes in the
exogenous variables) and the number of steps to be used (denoted by s).
Finally, we set a counter, r, which will keep track of how many steps
have been completed.

The arithmetic starts in box 2 with an evaluation of either an A
matrix or a condensed version of one. Condensing is not necessary in
the Stylized model. We will work with the system (E3.2.1) - (E3.2.6).
With our counter, T, at zero, the A matrix is evaluated using the initial
input-output data. We denote this initial A matrix by;‘A((V]O,g'fwhere

(V); g is the vector of values attained by the variables at the end of r |

steps of an s-step procedure. (V)g o, which has previously been denoted
as V1, reflects the prices and quantities implied by the initial input-
output data. For our Stylized model, A((V), ¢) was derived in Exercise
3.4 and is displayed in Table E3.4.2.

On reaching box 3 with r = 0, we compute the shocks to be
made to the exogenous variables in the first step of the computation,
i.e., we evaluate the vector (v )l,s' Many sensible schemes are available
for dividing the total change in each exogenous variable into s parts.
For example, in Exercise 3.7(a) where s was 2, we broke the total
change (from 1 to 2) in the exogenous variable (which was V3) into a

. e
13 See especially Dahlquist, Bjorck and Anderson (1974, pp- 269-273).
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pair of equal parts. Our first step was to compute the effects of moving
Vg from 1 to 1.5. In the second step we moved V3 from 1.5 to 2.
Because we interpreted the v;s as percentage changes, the total change
in the V3 was implemented as (v3)1’2 = 50 followed by (v3)2’2 = 33.3 .

Alternatively we could have broken the changes in the
exogenous variable into equal percentage parts i.e.,

(vg)ro = (N2-1)100 = 41.4213 ~* forr = 1,2. (E3.8.1)

Another possibility was to interpret the v;s as log changes. and to break
the change in Vg into equal logarithmic parts, i.e.,

1 1]
(vg)ro =3 [In(2) - In(1)] = 0.34657 forr=12. (E3.8.2)

We suspect that the choice between schemes such as equal changes and
equal percentage or log changes is not often an important one.

Box 4 of Figure E3.8.1 is where the shifts in the endogenous
variables at each step are computed. First, the A matrix is partitioned
into A, consisting of the columns corresponding to the endogenous
variables, and Ag consisting of the columns corresponding to the
exogenous variables. Then the system of equations

AOL((V}I',S)(V(X)I‘+1,S + AB((V)r,s)(VB)rH.s =0 (E3.8.3)

is solved for (Va)r +1,8° This can be done by computing B((V) r s) which is
given by -

B((V)r,s) =- [Aa(mr,s) ] - AB((V)r,s) ’

and then post multiplying by (VB)r +1,s+ In evaluating B matrices,
computational costs can be kept low by avoiding the inversion of A,. If
B is a matrix of elasticities, the jth column, (B.;), can be computed by
considering the effects on the endogenous variables of a one per cent
increase in the jth exogenous variable holding constant all other
exogenous variables. If B is a matrix of derivatives, then we can
consider the effects of a unit increase in the jth exogenous variable.
Thus, in either case, we can compute B.; by applying efficient
methods!4 to the solution of the system ! ’

ABy =-Ag)y (E3.8.4)

14 In the context of Johansen models, these include Jacobi, Gauss-Seidel and
other sparse matrix methods (see, for example, Tewarson, 1973) which take
advantage of the fact that usually only a small fraction (less than 10 per
cent) of the components of Ay are non-zero.
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i.
Set the initial conditions:
(i) Read in the input-output data
and parameter estimates.
(i) Decide the exogenous/endogenous
split.
(iii) Set the exogenous shocks.
(iv) Set the number of steps, s.
W) Set the counterr atr = 0.

2.
Evaluate the coefficients of the linearized

system, i.e., compute A{(V), ).

)

Compute (Vg )r+l,s -

4.,
Compute (Vdrel,s = B((V)r,s)( Vkr+l,s

r+l<s

7.

5. Aggregate the (Vo)rs1,s for
Increase r by 1. r=0,1, ..., s-1 to form the

s-step estimates of the

changes in the endogeneous

variables.

y

6

y

Re-evaluate the input-output 8.
flows, i.e., transform each Print the results as
(Flow).; ¢ into a (Flow)ys. - required and exit.

»

Figure E3.8.1 Flow diagram for a multi-step solution of a Johansen model
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where (AB]'J' is the jth column of Ag. In our Stylized model where there
are only 2 exogenous variables, B matrices can be evaluated by solving
just two systems of linear equations of the form (E3.8.4).15 B((V)O,s]
matrices for two alternative closures of the Stylized model are displayed
in Table E3.6.1.

With the completion of the work in box 4, we have come to the
end of the (r+1)th step of our computation. Assuming that r+1 is less
than s, we move to box 5. There we increase r by 1 and we commence
the next step.

Our first task (box 6) in the new step is to update the input-
output data taking account of changes in prices and quantities occurring
in the previous step. For example, if we are just commencing the
second step (r=1), then we will be concerned with how each input-
output flow has been changed from its initial value, (Flow)g o, by the
changes in prices and quantities in the first step. If our computations
are being done in percentage changes, then when we reach box 6 with
r = p, we can compute the updated flows according to

(F‘low)p'S = (Flow]p_l’s(l + O‘OIPp,r)(l + O.lep,s) s (E3.8.5)

where Pp,s and X, g Are the percentage changes in the pth step in the
relevant price and quantity. We can also use this formula when the
computations are done in changes in the variables. However, we need
an extra set of computations to get from results for changes in prices
and quantities to the percentage changes required in (E3.8.5). If the
computations are done in log changes, then a convenient updating
formula is

(Flow)p,S = explln(Flow) p-1,s * Pps + xp’s] (E3.8.6)

where Pp.s and Xp,g ar€ log changes computed in step p.

Once the input-output data have been updated, we return to box
2. There, the A matrix is reevaluated using cost and sales shares
computed from the updated input-output flows. Thus, at each step, the
coefficients in the A matrix incorporate the effects on cost and sales
shares of changes in prices and quantities taking place at previous
steps.

The computations continue until eventually we pass through box
4 with r+1 = s. At this stage we have completed s steps. We can now

15 In large models we never evaluate the whole of B. By working with
condensed systems we can limit our computations to selected rows. By
applying (E3.8.4) for a subset of js we can limit our computations to selected
columns.
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compute the s-step estimates of the values reached by the endogenous
variables given the total shocks in the exogenous variables. The relevant
formulae for endogenous variable k are

Mds.s = Mdo,s + Z (Vk)p,s (E.3.8.7)
when the vy s are changes, . p=1
Mds.s = Mdos L1 (1+0.01vyys) (E.3.8.8)
p=1
when the vy s are percentage changes, and
S
(Vds,s =exp | In(Vido s + h Vidp,s (E.3.8.9)

p=1
when the vy s are log changes. Rather than reporting the levels (Vi)g o
it is normally of more interest to report the percentage effects on the
endogenous variables of the changes in the exogenous variables. The s-
step estimates of these percentage effects can be computed as

1()()((Vk)s,s - (Vk]O,s)/ (Vk]O,s :

(a) Use a sequence of calculations of the type outlined in Figure
E3.8.1 to provide a two-step solution for the Stylized Johansen
model. Assume that the initial situation is that depicted in
Table E3.3.1. Assume that the exogenous variables are Pg and
X4. Compute the effects of a 50 per cent increase (from 1 to
1.5) in the wage rate, Pg, holding constant the cap1ta1 stock Xy

Hint: You will need only a pocket calculator if you work with log it

changes and use the information in Table E3.6.1. So that you
can compare each stage of your calculations with ours, we
suggest that you 1mp1ement the 50 per cent increase in Pg as
two increases of zln(l 5) in ln(P3) i.e, put (p 3)1 9 = (p3)2 9 =
2ln(l 5).

(b) What is the true solution for the effects on the endogenous
variables of a 50 per cent increase in Pg? Can you write down
the solution functions? That is, can you express Y, X;q, X5, etc.
as functions of Pg and X,?
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Answer to Exercise 3.8

(a) Following the procedure outlined in Figure E3.8.1, we start by
setting r at zero. The first arithmetic operation (box 2) is the evaluation
of A((V)O S) This has been done in Exercise 3.4 and the answer is
displayed in Table E3.4.2. Moving on to box 3, we accept the hint and
set

(VB)I,Z = = =

X4 1,2 0

Most of the computation in box 4 was completed in Exercise 3.6 where
B((V)O o) was computed for the relevant closure (P3, Xy exogenous) and.
dlsplayed in the right panel of Table E3.6.1. The vector (v,); o can be
evaluated simply by multiplying the Pg-column of Table E3.6.1 by
0.20273. This gives

P3 an(1.5) 0.20273
[ } . (E.3.8.10)
0

Vol1,2 = 0 %10 X90 X110 X21: X310
X41> X120 X229, X32: X490, X1
Xg: X3, P1» P2: Pg)1 2
(-0.30410, -0.30410, -0.35478, -0.30410, —0.35478, -0.50683,
0, -0.30410, -0.35478, -0.50683, 0, -0.30410,
~0.35478, -0.50683, 0, 0.05068, —0.30410).

Since s = 2 and r+1 is currently at 1, we move to box 5. There, 1 is
increased to 2 taking us through to box 6. In box 6 we reevaluate the
initial input-output flows from Table E3.3.1 according to formula
(E3.8.6). Thus, for example, we have

(F].OW 1 to 1)1,2 = exp[ln(FIOW 1 to 1)0’2 + (pl)l,Z + (Xl 1)1,2]
= explin(4) + 0 - 0.30410] = 2.9511.
The complete set of updated flows is in Table E3.8.1.

It is apparent that in generating Table E3.8.1, we have deflated
each flow in Table E3.3.1 by the same percentage. Thus, in this
particular example, when we return to box 2, we find that A((V)l 2) is
the same as the initial A matrix displayed in Table E3.4.2. This is
because the elements of A are either ratios of flows (cost and sales
shares) or constants. In box 3, we set pg and X4 at the same values as
they had in previous step, i.e., 0.20273 and 0. Since we arrive at box 4
with the same A matrix and vp vector as in previous step, we emerge
with the same v, that is

Vod2,2 = Vo) 1,2-
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Table E3.8.1
Input-Output Data after 1 Update; (Flow i to j)1 2 in Dollars
Industry Households || Total Sales
1 2
Commodity 1| 2.9511 1.4756 1.4756 5.9022
2| 1.4756 4.4267 2.9511 8.8534
Primary Factors 3| 0.7378 2.2134 2.9511
4 0.7378 0.7378 1.4756
Production 5.9022 8.8534 4.4267

With r+1 at 2, we move to box 7. The two-step estimates of the
values of the endogenous variables after a 50 per cent increase in Pg can
now be computed using (E3.8.9). For the first variable, household
expenditure, we obtain

Voo = explin(Yg o)+ ¥y o +Ya ol
= exp[ln(6) - 0.30410 ~ 0.30410] = 3.2660.

Thus, our two-step estimate is that a 50 per cent increase in pg will
reduce household expenditure by 45.57 per cent. Similarly we find that
there are reductions of 45.57 per cent in X, Xy, X;9, Xy, and Py.
There are reductions of 50.81 per cent in X454, X5, X.22 and X,. For
X371, Xg9 and Xg the reductions are 63.71 per cent.:.Py incféases by
10.67 per cent and there are no changes in X,;, X4, and P;.

(b) Apart from rounding errors, the two-step solution obtained in

part (a) is the true solution. One way of checking this is by substitution
back into the structural form (E3.1.9), (E3.1.10), (E3.1.12), (E3.1.6),
(E3.1.7) and (E3.1.23). For example, consider the household demand
equations (E3.1.9). With i = 1, we have

In this particular example, substitution back into the structural
equations may not be the cleverest way of establishing that the two-step
solution is free from linearization error. Nevertheless, it is illustrative
of the method that is available in most models for*thecking the validity

and
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Table E3.8.2
Input-Output Data after 2 Updates; (Flow i to j)a2,2 in Dollars T
Industry Households || Total Sales
1 2
Commodity 1| 2.1773 1.0887 1.0887 4.3546
~ 2| 1.0887 3.2660 2.1773 6.5320
Primary Factors 3ff 0.5443 1.6330 2.1773
4] 0.5443 0.5443 1.0887
Production 4.3546 6.5320 3.2660

tThese flows can be computed using (E3.8.6) with p = s = 2.

of a suggested solution. In a few very large models, it may be too cum-
bersome to substitute into the left and right hand sides of every
structural equation. In such cases, a useful minimum check is provided
by the post-solution input-output table, i.e., the table of flows implied by
the suggested solution. To obtain this table, we can make an extra
update of the input-output flows by carrying out the computations in box
6 of Figure E3.8.1 with r = s. (The post-solution input-output flows for
the computations in part (a) are given in Table E3.8.2.) Violations of
the row and column sum balancing conditions in the post-solution
input-output table would imply that the suggested solution is
inconsistent with the structural equations requiring that for each
industry the value of inputs equals the value of output and for each
commodity the value of output equals the value of sales.

Normally, substitution of an s-step solution into the structural
equations would produce discrepancies between left and right hand
sides beyond what could be explained by rounding errors. We would
also expect there to be differences between the ith row and ith column
sums of the post-solution input-output table. We would be satisfied with
the s-step solution if we judged the various discrepancies to be suffi-
ciently small. In our Stylized model, however, we find that multi-step
solutions computed with log changes produce no non-rounding discrep-
ancies. This indicates that the solution equations are log linear. They

are, in fact,

-1.5 -1.5 -1.5
Y = 01X4P3 ) Xlo = C2X4P3 s aaey P4 = C].7P3 5
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where the exponents on the right hand sides have been taken from the
right panel of Table E3.6.1 and the C;s are constants whose values can
be determined from the initial data in Table E3.3.1. For example, C; is
6/2.

C. ON DERIVING PERCENTAGE-CHANGE FORMS

The problems in this section provide practice in deriving
percentage- or log-changel® forms for demand and supply systems
associated with a variety of production and utility functions and
production possibilities frontiers. By the time you finish these
problems, we hope that you will feel confident about deriving
percentage-change forms for any of the specifications you are likely to
want to use in practice.

Exercise 3.9 Linearizing the input demand functions from a CES
production functionl?

Assume that a firm facing given input prices, Py, ..., Pn, chooses
input levels, Xy, ..., X;,, so they minimize the cost, ZiPiXi, of producing a
given output, Y, subject to the CES (constant elasticity of substitution)

production function
n -1/p
Y=a| X 8x (E3.9.1)
i=1
where A and the Sis are positive parameters with 2151 =landpisa

parameter whose value is greater than or equal to -1 but notgequal to
zero.18

Derive the percentage-change form for the input demand "~

functions. Avoid corner solutions by assuming that p > -1.

16  Percentage-change and log-change forms are identical. For expositional
simplicity we refer in the remainder of this section to percentage changes
only.

17 The CES production function was first applied by Arrow, Chenery, Minhas
and Solow (1961). For an exercise which develops the properties of the CES
production function in detail, see Dixon, Bowles and Kendrick (1980,
Exercise 4.20).

18  As p approaches zero, (E3.9.1) approaches a Cobb-mbuglas form, see Dixon,
Bowles and Kendrick (1980, E4.20).
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Answer to Exercise 3.9

The first-order conditions for cost minimization are that there
exists A such that A and the X s jointly satisfy

n ~(1+p)/p
P, = AA| D 5% 5% I+ k=1,..n (E3.9.2)
i=1
and n -1/p
Y=A| D, 5P : (E3.9.3)
i=1
By using (E3.9.3), we can replace (E3.9.2) with the more convenient
equations P = AAPYIH) 5 x -0+ k=1, .. n (E3.9.4)
In percentage change form (E3.9.4) and (E3.9.3) can be written as
Pk = A+ (1+p)y = (1+p)x (E3.9.5)
and
y= stkxk (E3.9.6)
where py, A, y and x; are percentage changes in Py, A, Y and X, and
Sy = 81X P / (X3%P) forallk. (E3.9.7)
Equation (E3.9.4) implies that ]
PX / ZPX = § X P/ DX (E3.9.8)

Thus, S is the share of input k in total costs.
From (E3.9.5) we find that

Xj = —Opg + oA +Yy (E3.9.9)
where ¢ is the positive parameter defined by
c=1/(1+p) . (E3.9.10)
Substitution from (E3.9.9) into (E3.9.6) gives
y = “szskpk + oM + ¥
feading to A= 20 SPy - (£3.9.11)

Now we substitute from (E3.9.11) into (E3.9.9) to obtain the percentage
change form for the input demand functions:
n

X =Y - G(pk - 2 Sipi) fork=1,..n. (£3.9.12)
i=1




