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A JOINTMAX ALGORITHM FOR THE

SOLUTION OF SNAPSHOT

by

. Peter B. Dixon

1. INTRODUCTION

The SNAPSHOT model was described in another paper.1 For
convenience I have reproduced‘both table 1 from that paper'(with some’minor
alterations) and the appendix listing the variables. The aim of thié
paper is to suggest a method for computing solutions for the SNAPSHOT model,.
i.e., a method for soiving the system of equations and inequalities in

table.l.

In applications of the SNAPSHOT model, we will have a data
base with up to 100 commodities (i.e.,.n ; 100}, and'perhaps 10 consumer
groups (i.e., m = 10). It quickly becomes apparent, on inépectién of
table 1, that SNAPSHOT involves a very large and non-linear system of
eQﬁations and inequaiities. Any direct solution method which failed to
.take advantage of'spetial features arising from the economic nature of the
problem, would be prohibitively expensive both in éomputgr costs and
programming effort.” A potentially feasible.approach is provided by the

method of joint maXimization.

The central theoretical idea of joint maximization can bé
traced back to Negishi [1960]. He showed that solutions for a particular

class of general equilibrium models (those in which consumers are assumed

.

1. See Dixon, Harrower and waell [1976].



to be constrained utiiitykmaximizers) can be generated by solving a
"suitably' chosen mathematical programming problem. Iterative procedures
for finding the appfppriate programming problem have been suggested and
applied by Dixon [1975a, 1975b}, Osterrieth én& Waelbroeck [1975], and
Ginsburgh and Waelbroeck [1974]. The present paper modifies this earlier

work to make it applicable in the SNAPSHOT model.

It may be uéeful at the outset to mention some issueé on which
I will have nothing to contribute. First, the existence question. I will
be simply assuming that a SNAPSHOT solutioh exists - if this hypothesis is
false I expect that we will find out via the computations. Second, T will
not be proving any convergeﬁce propositions, but I will be returning to this
issue in the conclusion. Third, I cannot demonstrate uniqueness, i.e., I
cannot guarantee that there is no more than one SNAPSHOT solution. (Dixon,
Harrower and Powell t1976] does the usual but inadequate equation and
variable counting<exercise.) To me, the uniqueness quéstion is the most
disturbing. However, at this stage, it_appears that (along with most
applied ‘economists) we will have to be content with recomputing from differ-
ent startinéypoints;. A second partial test for uniqueneséQ which could also

be applied, is discussed by Dixon and Butlin [1975; appendix 2].

Rather than following the usual practice of concluding the
introduction with a listing of the structure of the paper, I have included a
flow diagram. There are several lengthy‘stringsAof equations in the paper,
-and hopefully the reader caﬁ refer back to figure 1 if he loses sight of

where I am #rying to go.



TABLE 1 : THE EQUATIONS SPECIFYING THE SNAPSHOT MODEL

(1.

12)(®) tp' - eEM' T+ ) - ¢ M =0

. No. of
Equation . Equation s
NG. Equation Equiva- Description
lents
(1.1) Ci = fi(p,Zi), i=1,...,m mn Consumer demand functions
(1.2) Zi = {1 - si)ai(GNP) m Level of total private
' expenditure
(1.3) K(t) = (I + ﬁ)t(K(O)) n Capital stocks in snapshot
year
(1.4) K(t + 1) = (I + h)(K(t)) n Post-snapshot year capital
stocks
(1.5) J = K(t +1) - (I - ;)(K(t)) n Gross investments
(1.6)(a) X g K(t) , and Capacity constraint and
n complementary slack
‘ A A
a.e® T x-Kw®) =0 condition
(1.7) r = BT n Absolute rate of return on
: : capital
. A -1 _
1.8(@) r=>({(@KK I-n Rate of return on capital
' ‘ n. and complementary slack
z /ﬁ\"l condition
(1.8)(d) J(r- (K T +n)=0
(1.9) E = E n Level of exports
(1.10)(3) Mg ;X‘, and Import restraint and
n complementary slack
(1.10) (b) & ™ - §X) = 0 : condition
(1.11) p = Op +& n Export price equation
(1.12)(a) p' £ @(pm)'(I + T) + ¢', and Import price equation and
' n complementary slack

condition

e continued



Table 1 continued ...

No. of
Equation . Equation ’ s
No. . Equation Equiva- Description
lents
(1.13)(@) Bz @H'M- 09)'E
1 Balance of trade
- — 1 - i
(1.13)(b) OB - (') M +(B%) E) = 0
(1.14) (a) p'(l -A) -w'l - n <0 Commodity cost structure
n and complementary slack
(1.14)() [P (T -A) -wlL-T1X=0 condition
m —
(1.15)(a) X + M3z ) C, +KJ+G+E+ AX
‘ i=1 Product market clearing
and complementary slack
: . m n condition
(1.15)(b) p X +M- J C. -KI -G
' i=1
-E - AX] = 0
. = '
(1.16)(a) N » 1L ] Full employment of
) i . total labour force
(1.16)(b) S(N - 11L) = O
(1.17) L = X ' V . .H Production labour
: ' requirements
(1.18) w o= §(w) - ‘ H Sets wage relativities
(1.19) GNP = w'L + H'K(t) ' ‘ 1 Gross national product
— ,‘ ( ' ,
+ [0(p) T+ ¢ IM - EE
(1.20) All endogenous variables (with ‘Sign constraints

© the possible exception of h

and &) must be non-negative




DEFINITION OF NOTATION

Endogenous Variables in the Snapshot Year

consumption of commodities by consumer group i
commo&ity prices

total expenditure of consumer group i

gross national product

average rate of growth of capital in each industry
over the t-year snapshot period

industry levels of capital stock in the snapshot year

industry levels of capital stock in the year after
the snapshot year . '

gross investments by using industries

outputs of commodities

rental prices on capital by industries

minimum acceptable rates of return by industry

variable reflecting the absolute rate of return
demanded on new capital formation for Australian

industry
exports of commodities (quantity)
imports of commodities (quantity)

exchange rate ($A per unit of foreign currency)

Number of
Variables

(nm)
()
(m)
1)

(n)

(n)

(n)
(n)
(n)
(n)

(1)

(n)
(n)

(1)

continued



Number of
Variables-
¢ excess tariff revenue per unit of imports {(n)
£ export tax (Ej positive) or subsidy (gj negative) (n)
W wage rates by occupation before taxes (H)
L the number of labor units in each occupational group (H)
in the snapshot year
§ variable reflecting the absolute level of wages before (1)
taxes for the Australian labor force
Exogenous Variables in the Snapshot Year
Number of
Variables
S: consumer group i's average propensity to save out of (m)
disposable income ‘
eN share of GNP which is disposable income for group i (m)
K({0) industry levels of capital stock in the base year (n)
t number of years of the snapshot period (1)
n industry specific depreciation rates applicable to the (n)
the industry capital stocks, K(t), over the et year
K capital matrix in the snapshot year, Kij is the input (n x n)
of good i required to create a unit of capital stock '
for industry j
T relative rates of return to capital required to (n)
induce investment in each industry
E exports of commodities (n)
Y import shares of the domestic markets (n)
pe export prices (f.o.b.) in foreign currency (n)
mo import prices (c.i.f.) in foreign currency ” (n)

g

continued ...



@

Z|

‘g;

ad valorem tariff rates
balande'of trade deficit in foreign currency
input—output coefficients matrix

labor requirements by occupation and industry per
unit of output in the snapshot year

government purchases of commodities

total number of people in the workforce in the
snapshot year

relative wage rates, before taxes, for the various
occupational groups

In addition to the above list of exogenous variables,

Ui’ the utility function for the ith consumer group,

will be exogenously specified.

Number of
Variables

(n)
(1)
(n x n)

(H % n)

(n)

(1)

(1)
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C2. THE AUXILIARY PROGRAMMING PROBLEM

Given values for the set of data matrices, scalars and vectors

. . - ) ' - : - -
D = {s, ... s, @g eee O, K(0), t, n, K, v, E, vy, p, pm, T,

our probleﬁ is to compute values for the set of endogenous variables
E(D, w)’e(’{cl .,,.Cm%ﬂp, Zy e zm? GNP, h, K(t), K(t + 1), J,

. X’ H’. r’ B" EJ M’ @’ ¢3 g’ w’ L’ 6}

td satisfy the system ¢,:where y is the list of equations and inequalities

in table 1, i.e., given D, find Z(D, ¥) to satisfy ¥.
As a first step, we consider the following programming problem:

‘ Choose.xl; Xz, C1 "'TCm’ M, all non-negative n4ofder vectors,

to maximize

. : . + ‘ 4+ ~m b2
subject to |
(2.2) - (T - AKX +X) +Kxs  +mx, + 3¢, +G+E-M+x g0,
(2.3) M - M g0

;(2;4)_ . " | 'ﬁ'ﬁ(xl +'X2) - N < ‘0 s



10.

(2.5) X, - (T -m"KO) g 0
and
(2.6) PH'M- H'E-B ¢ 0,

. . i i . . s
where Ui is a strictly concave wutility function describing the preferences
.th . .
of the i~ consumer group. {The demand functions (1.1} are obtained by

4

. .. L. § X ~
choosing Ci to maximize Ui{Ci) subject to p Cﬁ = Zi>‘ The notation ( )

denotes the diagonal matrix formed from the elements of the vector ( ), and

the superscript + denotes iterative variable.  The iterative variables are

the scalars W;’ w;, o wgy 8+, 0" and N+’ and the n-order vectors x+ and M+.
All the iterative variables, with the exception of x+ are restricted to non-
negative values, and each is treated as a parameter in the problem (2.1) -
(2.6). In computing =, we will solve a sequence of problems of the form

(2.1) - (2.6), where the values of the iterative variables will be changed

systematically from problem to problem.

1. The use of strictly concave utility functions is convenient for
computations. It ensures that the problem (2.1} - (2.6) has no
more than one solution. From the viewpoint of the economics,
strict concavity is not a restrictive assumption. = In fact, it
is no more restrictive than the assumption that consumers ave utility
maximizers, see Dixon [1975a, pp. 96-1051. We will also assume
that Ui exhibits non-satiation, i.e., for any consumption vector c,

and any neighbourhood, N(c) of c, there exists ceN{c) with ¢ # ¢ ,

c 3 c and.Ui(C) > Ui(c)
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‘Before describing the iterative procedure, it is convenient
to set out the necessary and sufficient conditions for a solution of
2.1) - (2.6).° X» X,, c1; C M, all non-negative, is a solution
for (2.1) - (2.6) if and only if there exist non-negative scalars §, O and
non-negative n-order vectors p, ¢, and I, such that Xl’ XZ’ Cl’ cen Cm, M,

§, 9, p, ¢ and II jointly satisfy the system

(3.1) (a) Wi (C) € p , i=1...m
(bj “ éi(w;VUi(Ci) -p) =0 , i=1...m ;
(3.2) (a) p'a-A) - 'L - 1 < 0
® ea-m-se-1Yk = 0
(?,3)(&) o p;(I A - 'L - pKERT v ) < ‘ork
(b) {p'(x -A) - Sw L - p'K(§e+ + 3)] iz = 0 ;
1. I assume that a constraint qualificationbis satiéfied (e.g., Slater's
condition that 3 Xl’ Xz, Cl’-"" Cp M > 0 satisfying the

constraints as strict inequalities.) Then the strict concavity of
the Ui ensures that (3.1) - (3.9) are both necéssary and sufficient

conditions.



(3.

(3.

(3.

(3.

(3

4)(a)

(b)

5) (a)

6) (a)

(b)

3.7)(a)

®)

8)(a)

- (b)

.9) (a)

®)

12.

p o et M T - ed™ - ¢

<

G -GN T - o™ - ¢ M

; Z+ »
- {1 - A)(Xl + XZ) + K(rg =+ n}xz +

pl- (I - A)(X1 + X2) + K(EB+ + n)xz + ZCi + G+ E - M+ X+1 =0 ;

-1 ot
W E(Xl *X) - N g

(i L(X, + X)) - N

~t
X, - IT-m) KO s

nx, - (@ - m° KO

i

1

M- HE-B ¢ 0

oMM - G9'E - B)

oo

0

1

.+ G+ E-M+x

A
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The relevance of problem (2.1) - (2.6) in computing a SNAPSHOT

solution Z(D,y) can now be made apparent.

Proposition 1 :

Assume that

* % * * * *

. *
'°5Cm)M’6JO:P>:¢;H}

% * * *
5 =Xy, Xy, G

’ ' *
is a solution to the system (3.1) - (3.9). (S can be computed by solving

the problem (2.1) - (2.6) and its 'dual.) In addition, assume that

4.1) ( *)'c* = (1 -s.)a, GNP i=1...m
. P ; < )% , =1 ...m,
where
* %y * % % A~ *
(4.2) NPT = §TRe(X) ) ¢ (1) (T - m) KQO) + X))

-m. 12 * & * 4 * e 4 -
s 0TEM' T )M - Ip) -0 BHIE

* * EX

(4.3) §(x1 £ =M,
(4.4) (a) o 1200 + X)) < F
* g * * -
(b) § (1L + X)) -N) = 0,

1 . .
where 1 is the n-order row vector of ones,

(4.5) | e = o .,
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+ ST N Ak A At
(4.6) X == K@B - h)X, +Kh +n)-n) KO ,

N :
where h is an n x 1 vector with typical element

G- ekl |
% - N.}) K.{0) + .
(4.7) hy = ] al a1,
' K. (0
J( )
and
(4.8) w;, Low, Mo, eY o , N and M 3 0
*
Then E , defined by
. , . -
(5.1) : Ci = 'Ci R i=1...m
. *
(5.2) P = p
. X . *® 'C* . 1
(5'3) . Zi ‘, (P ) i E] 1= -
' %
(5.4) . GNP = GNP s
. *‘
(5.5) h = h |
. , ‘ ~ 4 ;ﬁ_ *
(5.6} - _ K(t) = (I - n)" K(0) + X2 5

.7 Kt s 1) = (I+ ﬂf) {a - S)tAET55’+ x;} .



to
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"~ "L e * TS .
(5.8) J o= (I+h){@-mn) KO +X}-(I-n) K(0)
~ *
- (I - n)X2 s

(5.9) X = X, + X ,
(5.10) n = H*
(5.11) or o= 18,
(5.12) B B = 8
(5.13) E = E ,

*
(5.14) M = M |,

. *

(5.15) o = 0 ,

*
(5.16) | 6 o= 4

) % * _e

(5.17) £ = p -0() ,

*_
(5.18) w o= 8w ,

o ) * *

(5.19) | L o= 2 + XZ) ,

*
(5.20) § = -4
is a solutionfto,the SNAPSHOT problem, i.e., (5.1) - (5.20) is a solution

the system in table 1.



16.

Proof:
(a) From (3.1) we may conclude that
* * * 4 K

(Since Ui is strictly concave and exhibits non-satiation,
)
{3.1) is both necessary and sufficient to ensure that Ci maximizes

. % 1%
fe = C C
U, (c;), subject to (p) C; ()& and L 2> 0.)

23]

Then by referring to (5.1) - (5.3), we see that

satisfies (1.1).

: i}
(b) (4.1) implies, via (5.3) and (5.4) that £ satisfies (1.2).
{(c) (4.7) implies that

_' h* t tK 0) X*

K.(0)(1 + h, = 1 -mn. . + .

R 01 + hy) (1 - ) K 3

3 *
then (5.6) and (5.5) imply that £ satisfies (1.3).

.

(d)  (5.5) -~ (5.7) imply that £ satisfies (1.4).
* ‘ .

(e) (5.6) - (5.8) imply that £ satisfies (1.5).

(£) (3.8) implies that

* * ~ t_ %*
Xi + X2 RS (; - 1) K(0) + X2 s
and that

Ak % * ~ bt _ . ¥
I (Xl + X2 - {I -n) KO f Xz)‘ f 0.

. : . N
Referring to (5.9), (5.6) and (5.10), we see that & satisfies (1.6).
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*

(g) (5.11) and (5.12) imply that £ satisfies (1.7).

{(h}  Assume that

SN -1

h}. [( p‘ ’K) . 1
8 T, < H A .

where | ]j denotes the jth element of the vector [ 1

Then

e a-m - e - b,

% *_ 4 % 1 i ~
< [(p)(@-A-6wil-(p)K (@B +n)l

J
*
and it follows from (3.2) and (3.3) that le = 0. (3.8)(b) now
- :
implies that Hj =0 . Hence (hl) implies that B+ < 0 . This

contradicts (4.8), and it follows that

e "/1{\,\ “1*
(h2) Br 2 ((p)XK) II -n.
Next, we assume that
. y/’:ﬁt\x —li*
(h3) 877, > [((p)'K) T 1 -,
] j J

Following a similar argument to the one just given we can
*

establish that (h3) implies that XZJ = 0. Hence from (4.7) we have
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We may conclude that

P |

* & r
(h4) 87, - 1((p)'K) 11 4.
J j J L

' t+l
* t - * -
(1 + hj)[(l - nj) Kj(O) + ij} - (1 - nj) Kj(())

*
- (1 - )X, = 0
( nJ)ZJ

Referring to (5.2), (5.10), (5.11) and (5.8) we see that

*
(h2) and (h4) ensure that £ satisfies (1.8)(a) and (b).

*

(i) (5.13) implies that £ satisfies (1.9).

(i) From (3.6)(a) and (b) and (4.3)

kS ~ * *

M < y(X1 + Xz)

o

~dk *

i ~ * E3
o IM -y, +X,)] = 0.

%

Then from (5.14), (5.9) and (5.16) it follows that =

satisfies (1.10).

*

(k) Referring to (5.17), (5.2) and (5.15) we see that &

satisfies (1.11).

(1) From (3.4)(a) a (b), aﬁd (4.5) we have
®) - M T -GN - ' ¢ o

and * *_m|g 'k__my L] ~k

(p) -~-6(l)T-0() -()IM = 0.

Then~referriﬁg to (5.2), (5.15), (5.16)’and (5.14) we see that

Tk

E satisfies (1.12)(a) & (b).
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(m) (3.9)(a) & (b) imply that
MM - BH'E-B < o0
and

o MM - GHYE-B) = 0.

*

Then (5.14), (5.13) and (5.15) imply that £ satisfies (1.13).

(n) From (3.2)(a) & (b) we can write

* g L% g
(nl) (p)(I-A)-8wl- (I g 0
and
oy Ly ko Ok
m2) ((p) (T-A)-6wl- (M)X; = 0.
* *_y E
If p) (I-A-8wlL-@m)ly < 0,
then it follows from (h2) that

D *oq *w‘-il: ~
(p) (I-A)-8wl-(p)KBr+ n)]j < 0 ,

. *
and hence, from (3.3)(b), ij =0 . Therefore, we can rewrite '
(n2) as
’ * E ® o ~
M3) ()T -a) -su- @)X +X,) = 0

(n1) and (n3), in conjﬁnction with (5.2), (5.18), (5.10) and (5.9),

* .
imply that £ satisfies (1.14)(a) & (b).

(o) (3.5)(a) & (b) and (4.6) imply that

*

% & 3 - - N
- (1 - A)(x1 + X))+ z(% +G+E-M +
i .

*

K (- mE K@ +x) g 0,

and
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~k . * * C* _ - %*
pol- (1 - A *+X) ? LG E M+

Kh + mea - mE R + x;)] = 0.

Ther referring to (5.9), (5.1), (5.13), (5.14}, (5.8) and (5.2) we see

that E satisfies (1.15)(a) & (b).

*

{p) From (4.4), (5.19) and (5.20), it follows that & satisfies

(1.16).

*
(q) (5.19) and (5.9) imply that © satisfies (1.17).

*

(r) (5.18) and (5.20) imply that E satisfies (1.18).

(s) (5.4), (5.18), (5.19), (5.10), (5.6), (5.15), (5.16), (5.14), (5.17),
. *
(5.13), (4.5) and (4.2) together imply that £ satisfies (1.19).

’ %
(t) All the vectors and scalars in S are non-negative. Also, the

£

iterative variables (see (4.8)) are non-negative. Finally, hj > - nj,

see (4.7), and nj < 1.

*

‘Referring to (5.1) - (5.20) and (4.1), it is easy to see that Z

satisfies the sign restrictions (5.20).

This completes the proof of proposition 1.

Proposition 1 means that if we solve problem (2.1) - (2.6),.thereby

generating a solution for the system (3.1) - (3.9), and this solution meets the

additional requirements (4.1) - (4.8), then we can deduce -a SNAPSHOT solution.

However, proposition 1, by itself, is not sufficient to justify the study of

‘problem (2.1) - (2.6) as a possible vehicle for generating SNAPSHOT solutions.
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e

Perhaps it is possible for there to be a SNAPSHOT solution, £ , which
cannot be revealed by problem (2.1) - (2.6), i.e., perhaps it is possible
that there are no values for the iterative variables such that the

" ‘
solution of (2.1) - (2.6) reveals & . Proposition 2 allays this doubt.

Proposition 2:

Let

* % K * % x % Ed * *
= G, «os €y Dy Zys aees 2, GNP, R, K(D), K(t2D),

{11

* % * * * * * * * *

3 w* %* 3
J,X,0,r,8,E,M,0,¢,E,w,L,d!}

*
be a SNAPSHOT solution, i.e., £ 1is a solution to the system in table 1. Set

the iterative variables as follows:

+ * * .
w, o= 1/Qi(p s Zi), i=1...m s

*
85 = 8,
3 *
o0 = o0 |

- *
NT o= w'X S
+ A % A% * . Lt #
X = - KB -h)E - min{(I - n) KO), X 1)

AR D ~ -
+ Ko+ 0T - RO
and ~

Moo= v,

where Qi is the marginal utility of expenditure for consumer i and is a
function of prices and expenditure level. (Qi(p, Zi) is the Lagrangian

multiplier in the problem of choosing Ci to maximize Ui(ci) subject to

pC;=2.)
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Then § defined by

X, = min {(T - Mt Xy, ¥}
* . - o ’#:
Xz = X - min {{(I -7} K(©), X1}
C. = €., i-=1 m
1 1
*
M = M
*
§ = &
3
6 = 6
p = p
$ = ¢
.
T = 1

satisfies the system (3.1) - (3.9). Also, it satisfies the additional
*

conditions (4.1) - (4.8) and reveals the SNAPSHOT solution & wvia (5.1) -
(5.20).

As with proposition 1, the proof is rather laborious, and
will be omitted. To prove the proposition, the'interested reader can
substitute from S* into each of the relations (3.1) - (3.9), and use
(1.1) - (1.20) to shéw that none is vioclated.

In summary, propositions 1 and 2 mean that (é) any solution
for the system (3.1) - (3.9) (which can be solved through the auxiliary
programming problem (2.1) - (2.6)) satisfying the additional conditions
(4.1) - (4.8), reveals a  SNAPSHOT solution via (5.1)k~ (5.20), and (b)
every SNAPSHOT solution can be generated via the problem (2.1) - (2.6),
i.e., for any particular SNAPSHOT solﬁtion, there exist values for the

iterative variables such that it may be generated by (2.1) - (2.6).

3. THE ALGORITQM
Qur plan is to solve probleﬁ (2.1) — (2.6) with the iterative
.variables assigned arbitrary values‘w;(l), ce s w;(l), X+(1),-8+(1), e+(1),
M+(1) and N+(1). When we compute a solution to (2.1) - (2.6), and hence to

(3;1) - (3.9), we cannot expect the additional conditions (4.1) - (4.8) to
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be satisfied. However, we can change the values of the iterative
. ' th .
variables so that the v~ time, v > 1, we solve (2.1) - (2.6), the

iterative variables are defined by

]

(6.1) MW = W -1 ) YOO - D - 1) - M - D

2

L

A *
where the diagonal elements of Al(v} are between 0 and 1, and Xl(v - 1),

*
XZ(V - 1)}, etc., denote the values of Xl’ XZ’ etc. revealed by our (v - l)th

solution of (2.1) -~ (2.6).

(6.2) T£6 (v-1) =0 and § 3 l'ﬁ(X:(v - 1) + X;(v - 1)), then N'(v)
= N'(v < 1),

Otherwise N+(v) = N?V - 1)&/1'£(x;(v - 1) + X;(V - 1)
(63) X' = - K@) - B v - 1) K - 1)

+ K(ﬁ*(v - 1)+ (1 - %)t K(0)

1 (v - 1))'cz(v - 1)

1

(6.4) B'(v) = BT (v - 1) + A, (1) | Bo (L - s,) - .
. it * GNP (v - 1)

where Az(v) is a positive scalar chosen to ensure that B+(v) >0 .

(6.5) ') = o (v - 1)

and
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Q0 (v - 1), o (1 - s)GNP (v - 1))

EN
w.{v) =
L0/ (v - 1), e (- s )G (v - )]

where, as before, Qi is the marginal utility of expenditure for consumer i.

In proposition 3 we check that a steady state for the system

(6.1) - (6.6) can only occur if the iterative variables are set so that

(3.1) - (3.9) reveals a SNAPSHOT solution via (5.1) - (5.20).

Proposition 3:

(7.1)

(7.2)

(7.3)

(7.4)

(7.5)

'and,

Assume that

M(v) = M(v-1) ,
N(v) = N@v-1)
o) o= X v-1

8°(v) = 8w -1

o'(v) = oT(v-1)
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(7.6) | w;(v) = ww-1 S i=1, ..., m.

Then the (v - l)th solution of (3.1} - (3.9) reveals a

SNAPSHOT solution via (5.1) - (5.20).

Proof:

*
Under (7.1} - (7.6) we may assume that S (v) is identical to
* *
S (v - 1) where S (v} is the vth solution of (3.1) - (3.9). We check that
*
(7.1) - (7.6) imply that the S (v - 1) satisfies (4.1) and (4.3) - (4.6),

* *
where GNP (v - 1) and hj(v - 1) are defined according to (4.2) and (4.7)

respectively.

{a) (3.1) implies that

(8) Wiv-1) = QG -1, ¢ v-1)C -1,

while (6.6) implies that

1/Q,(p (v - 1), ; (1 - s, )GNP (v - 1)

(a2) w, (V) = — - -
P I/Q (e (v - 1), oy (1 - s)GNP (v - 1))]
i=1 1
m . .
If ) 1/Q.(p (v-1), 0.(1 - s.)GNP (v - 1)) 5L 1/Q.(v -1) <1,
i=1 1 i 1 i 1

then the strict concavity (implying diminishing marginal utility of

expenditure) of the Ui’ and (7.6) mean that
. * * [
(a3) ai(l - si)GNP (v-1)<(p(v- 1))(ji(v - 1)

for all i.
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Similariy, if Zl/Qi(v - 1)y » 1, then
i

(a4) o (1 - si)cwp*{v s (v - 1))'ci(v - 1)

for all i .

Both (23) and (a24) are incompatible with (7.4), (see (6.4)).

Hence, Zil/Qi(V -1y =1.

Then (al), (22} and (7.6) imply that

0, (v - 1), (p (v - 1)) ¢, (v - 1)

= Q0 (v -1, o (- 56 (v - 1))

Hence, p (v ~ 1)}¥Ci(v - 1) = ui{l - si}GNP (v - 1)

N .
and S (v - 1) satisfies (4.1)

®
{b) {(6.1) and (7.1) imply that S (v - 1) satisfies (4.3).

(c) Since Nf(v) = N+(v - 1), (6.2) implies that either

x - * *
§ (v-1) =0 and N3 17£(x1(v 1) + Xy(v - 1)), or
—~ H * &
N = 1 K(Xl(v - 1) + Xz(v - 1)), In either case,

S (v - 1) satisfies (4.4).

u

(d)  (6.5) implies that 0 (v) e*(y - 1)
Also, 0 (v-1) = o'(v) ,  (see (7.5)) .

E3
Hence, S (v - 1) satisfies (4.5).
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{e) (6.3), (7.4) and (7.3) imply that
+ st ~ % *
x v-1) = -KFE8 (v-1) -h (v- l)]XZ(v - 1)
LK v - D ma - mE o)
Hence, S*(v - 1) satisfies (4.6).

This completes the proof of proposition %.

The raticnale for each of the adjustment rules (6.1) - (6.6) is

quite straightforward.

+ . - .
M is our guess of the maximum allowable import levels (see

(1.10)(a)), and (6.1) updates our guess on the basis of our latest estimate,

* * .
(Xl(v - 1) + Xz(v - 1)), of the SNAPSHOT solution output vector. It may
not be obvious to the reader as to why we used the iterative variable M+.

Can we replace (2.3) with the constraint

(8.1) M - %(xl +X,) € 07

‘The problem with (8.1) is that it introduces dn unwanted distor-

tion into the cost inequalities (3.2) and (3.3). For example, under (8.1)

(3.2)(a) would become

P (I-A) -6l -T+dy < O

At this stage we cannot say much about the choice of Al(v),

Computational experience will indicate whether cycling is a serious problem,

e.g., when
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B3 3 N
XK (v - 1) o+ X (v - 1 > M. (v - 1
O - D X v - 1)) > M - 1)

(6.1) indicates that we should raise M;3 i.e.,

+ +
M.{v) > M.{v - 1)
j(} j J

+ . . .
When we increase M., it is likely that domestic output will fall, i.e.,
]

x * *

*
X, . (v - 1 X (v -
le(v} + ij (v) < U(v 1) + o5l 13

and it is possible that

*

% +
e (KL (v) + X, vy < ML{v)
}J( 13( ) 25 ¢ ) J( J
By choosing small values for A%(v), v > 1 , we can, if necessary, dampen
the amplitude of the cycles.

+ . . .
N is our guess of the number of 'wage units' available in the
snapshot year. The total number of people in the workforce, N, is data.

However, if we used the constraint
1 -~
(8.2) 12X, + X)) - N < 0

in place of (2.4), our necessary and sufficient conditions (3.1) - (3.9)
would fail to reflect the wage differentialsrequired by (1.18). In fact,

(8.2) would impose a uniform wage across all occupations.

The idea behind (6.2) is as follows: if solution (v - 1) of

(3.1) - (3.9) implies 5% greater employment than is available, i.e.,

1'£(X:(v S 1)+ XZ(V - 1) = 1.05 8



then we lower the availability of "wage units" by 5%, i.e.,

+ +
N (v) = N {v-1)/1.05, which can be expected to lower empioyment
by approximately 5%, i.e.,

%

1'£(x:(v 1)+ Xy - 1))

N

3

12X (v) + X (v)

The role of the iterative vgriable x+ is to modify
constraint (2.2) so that it correctly reflecis the commodity balance
equations (see (1.15{a)}). In constraint (2.2) it was necessary to
include the term K(%B+)X2. While this term has no place in a demand equals
supply equation, it forces problem (2.1) - (2.6) to correctly reflect the
rates of return defined by (1.7) - (1.8), (see part (h) in the proof of
proposition 1). x+ attempts to eliminate the unwanted term, and replace

it with the appropriate investment vector KJ.

The adjustment rule (6.3) updates x+ according to the most
recent solution of problem (2.1} - (2.6} and the currently planned value for
+

B . A similar adjustment rule was used by Dixon and Butlin [1975], and no

difficulty was experienced.

The iterative variable 8 is introduced to induce problem
(2.1) - (2.6) to generate the appropriate level of savings, i.e., to force

the reStriction
H
D ZCi = (GNP % ai(l - si) , {(see (1.2))

i

1f problem (2.1) - (2.6) implies too much savings, i.e.,

Z: 0‘1(1 - 51) > [X (P‘b(V - 1))1(_:1('\/ - 1%/31\”)*(\] - 1) 3

i i
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then (6.4) indicates that we should increase B+ s i.e.,
+ +
B (v) > B (v-1)

The effect of increasing 8+ will be to increase the prices implied by (2.1) -
{2.6) of the capital intensive goods relative to labour intensive goods.
Increasing B+ increases the costs associated with using capital.) Hence, we
can expect that by increasing B+, we will switch demand and employment towards
labour intensive industries, and thus decrease the size of the total capital
stock. Investment in the snapshot year, which is related to capital stocks,

. . . . . + . . )
is likely to be lower, i.e., increasing 8 1is likely to increase the consump-

tion share of the GNP.

At present we have no experience with the adjustment rule (6.4).
However, in Dixon and Butlin [1975], a model with a fixed B+ and an endogenous
savings share was solved. If the adjustment rule (6.4) caused difficulties,

we could simply build up the schedule

+
s = f(B) ,
where s is the aggregate savings ratio.

Considerable experience has been accumulated with the iterative

variable ©° It is used to cope with the ad valorem tariffs. Normally

we can expect the adjustment rule (6.5) to lead to rapid convergence. The

*
shadow price, © , on the balance of trade constraint (2.6), tends to be
rather insensitive to changes in the value of 0 , and hopefully to changes in

*
the other iterative variables. Hence, © (1) tends to be a good estimate of

*
the final value of 0 .

1. See, for example, Evans [1972], Dixon and Butlin [1975].
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The final adjustment rule (6.6} is designed to force problem

(2.1) - (2.6) to generate the appropriate distribution of expenditure across

o . o aa .
{see (1.2)). w. is our estimate of the reciprocal

1

tn

the consumer groups,
of the marginal utility of expenditure in the SNAPSHOT sclution for the i

consumer group, (see (3.1})). Via (6.6) we update this estimate according

*
to our latest estimate of prices, p (v - 1), and the appropriate level for

*
consumer i's spending, (I - si}ai(GNP (v - 1}3. The denominator of (6.6)

merely imposes the normalization that Zwi{v) = 1.
i

Intuitively, (6.6} works as follows. I1f consumer i is spending
too much, i.e.,

* * *
(v -1e v -1 > - sde @R (v - 1)

. 1
then adjustment rule (6.6} will tend to lower w? , i.€., w;(v} < w;(v - 13.

(6.6) seeks to decrease consumer i's expenditure by raising his marginal
utility of expenditure (or decreasing its reciprocal]. In practice,

adjustment rules similar to (6.6) have been found to be very effective, see

for example Dixon [1975 a, b]f

1. It is possible that all or most consumers are spending too much
(i.e., the overall saving level is too low). In this case, (6.6)
will tend to lower the weights, w; , associated with consumers who

. . . s +
are spending relatively too much, while the adjustment of 8 will,
raise aggregate saving.



4. THE COMPUTATION OF SOLUTIONS FOR THE

AUXILIARY PROGRAMMING PROBLEM

A key requirement for the success of the SNAPSHOT algorithm
outlined in sections 2 and 3 is that problem (2.1) - (2.6) is easily comput-

able.  This problem must be solved at each stage of the iterative process

(6.1) - (6.6).

In practice, it is convenient to solve (2.1) - (2.6) by considering

the following élosely related problem :

Choose X, X,, C, M, all non-negative n-order vectors,

25

to maximize
(2.1) (a) ', @ - ot ™ (M
subject to
(2.2)(2) - (I - DX, +X) + K(zp® + ﬂ)xz s C+ B+ E-M+y < 0 |

and (2.3) - (2.6) ,-

where

it

+ max { . + ' .
(5.1) Uw , C) Ci {éﬁ%ﬂi(ci)lgci £ C, Ci > 0V1} s

i.e., U(w+, C) is the maximum value attainable for ;w;Ui(Ci) ) where the
i

. +
C; are an allocation of the aggregate vector C across consumers. w 1is the

+ +
vector (wl, e, wm)
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The advantage of the modified problem (2.1){(a), (2.2)(a),
(2.3) - (2.6), henceforth MP, over the original problem is that we have
reduced the number of variables. Whereas the original problem has nm con-
sumption variables, the MP has only n. This reduction 1s particularly
useful because the consumption variables provide the main difficulty in
solving the auxiliary programming problem. They are the only variables

in the non-linear part of the problem.

Proposition 4 establishes the relationship between the original

and the modified problems.

Proposition 4:
+ . ‘ 1 ;
Let Ci(w , 0, i=1, ..., m denote the solution to the

problem on the right side of (9.1), i.e., the Ci(w+, €y, i=1, ..., m

maximize Iw.U,(C.) subject to 3C., € C, C. » O¥i . Then
i1 i1 i

i

* * * * *
s, = {Xl’ X C, M1} is a solution to the MP if and only if
* * * & * + * )
s. = {X, X%X,,C{w,C), ..., Cw,C), M} is a solution to (2.1) - (2.6).
2 1 2 1 m
Proof:

) * } *

Assume S1 is a solution to the modified problem, but that 82 does

- * Xk * %k ek ok

not solve (2.1) - (2.6). Then there exists S = {Xl . X, ,‘C1 s e

T x% x4
Cm , M } satisfying the constraints (2.2) - (2.6) such that

1. The strict concavity of the Ui is sufficient to ensure that the

Ci(w+,,C) are unique. -



-+

> WU (C.¢( Yoo
U (G vy C)

+ A +owqlh 1=
LW - B T
%%iui(ci J- 0 {(p) ™

i i
+ - fo 0 F
-0 (p) WM
+ * + + *
We note that Uw , C ) = Zw-Ui(Ci(w ., C)) , and that
i
+ * % & Fd
Ufw., ZC. Y » w.U.{C. ). Therefore,
it [7i SJiTiTi
i i
. Rk R N R + * o -mor E ¥
(9.2) Ulw,, IC, ) - O(p ) M > Uw, C) -0 (ph ™
i
Since 1X1, Xz, ZCi , M} is a feasible solution for the
i .

&

modified problem, (9.2) is inconsistent with S; being a solution to the

modified problem.

&

Similarly, if we assume that S; solves the original problem,

but that Si does not solve the MP, we can obtain a contradiction. This

completes the proof of the proposition.

Proposition 4 implies that we may compute solutions for

problem (2.1} - (2.6) in two steps. First, we solve the MP. Then we
) *
complete the solution of (2.1) - (2.6) by computing the Ci(w+; c),
&
i=1, ..., m, to maximize Zw:Ui(Ci) subject to ZCi < C o, Ci % 0 for all
i i

This two stage procedure is particularly easily implemented
if (as is the usual case in applied work) the Ui are strictly concave

additive functions. In that case, it can be shown that‘U(w+, C) is a
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1
rs

strictly concave and additive function with respect to C, i.e., there

exist strictly concave (with respect to C j) functions Vj, j =1, ..., n,
such that
U(w+, C) = I V.(w+, c .y ,
j ] -]

where C 3 is the jth element of C.

The MP is then a very standard non-linear programming problem,
o —— : s : 2
concave, additive objective function and linear constraints. Accurate

approximate solutions may be obtained by solving the linear programming

problem,

j=1, ..., n, t=1, ..., T+ 1, X,; X, and M, all non-

CCROOsSE B

St

negative, to maximize

, n T+1 b oom 2
(2.1) () ) g Vip - @ () (DM
j=1 t=1 J°
subject to
(2.2) () - (T - A +X) + KB +mX, + M + 8+ E-M+y < 0,
(2.3) - (2.6) , and
| T+1
(2.7) tzl Ajt = 1 j =1, , 1,

where H 1is an n x ((T+1)n) matrix of the form

1. See Dixon [1975a, pp. 68-72].

2. See Hadlev 11964. Chanters 7. 91.
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and the H’t are parameters chosen so that we may assume that the solution

of MP for'C . lies in the interval [H.., H. . .1 and that
] ji 3 T+l
Hjl < Hj2 < .= Hj el The vjt are parameters whose values are determined
by ,
TS w, Hjt)
and
A= (Ayps = o e

Fjgure 2 illustrates the function V. (solid curve) and the
3

It

. ) . - ; -
points (Hjl, le), saee \Hj Te1’ Vj T+1) are marked for the case T 3

V. is approximated by joining these points by linear segments (broken

line).

It is probably clear to the reader that the linear programming
problem will generate approximate solutions to MP if we add the

restrictions

(10.1)(&) No more than two of Ajl’ .‘75 Aj Tl can be non-zero

(10.1) (b) If two of the Ajl’ cee Aj Te1 2T€ non-zero, then they must

be adjacent, i.e., they must be a pair of the form

A A a1

1F? bl
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Figure 2



Fortunately, 1t is unnecessary to include (10.1)(a) and {(b).

Any solution to (2.1){b}, {(2.2)(b), (2.3} - (2.7) necessarily satisfies
then. Consider, for example, a case in which
2 L= 2 A = L
(IO.N) )\.}1 2 s 34 2
C . will be located at A {figure 2}, i.e., ( 5 =k ﬁj* + 1 H., Utility
3 1 J
resulting from (10.2) will be B = % va + k vjﬁ' By replacing {10.2) by
H.,., - A A - H,
i3 A o= jz
/ = T 3 . - B
j - H, i H., - H..
JZ Hj% 32 j§ 1 ,% i}.&

we can increase the objective function (2.1)(b) by {C - B) and not violate
the constraints. Hence, (10.2) is not possible as part of a solution to

the linear programming problem. Following a similar argument, the reader

can easily check that no more than twe of the kjt’ t =1, ..., T+1 , will
ever be non-zeroc.
Two final points to be considered are - 1) the evaluation of

. ' +
the V.t, or more generally, how do we evaluate Vj(w , C j)p and
2) the choice of the Hjtn First, the Vjt"
Under the additivity assumption, the utility function of the
.th : R
i consumer can be written as

u; €)= ? Uij(cij) ;

where Cij is the jth element of Ci'
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Then

o+ max +
(11.1 V.(w, C . = {Zw, U, . (C..)J2C., =C ., C.. > 0¥i}
’ ) j .J) Cij i1 74] ( 13) l; ij iy ij *

The Cij on the right side of (11.1) can be evaluated by considering the

system
53U, . (C..)
+ ijrrijl .

(12.1) W . < Fj s i=1, ..., m

1]
(12.2) .. = C .

i 1] -J
This system is easily handled. For example, we might use (12.1) to write
C..=f£,.(T. ,,'and then substitute into (12.2 iﬁin sf.. (') =C .
i 13(3{ : | (12.2) giving : 13( J) j
Thus the problem is reduced to one equation with one unknown. Having

computed the Cij’ we evaluate Vj(w+, C J.) by substituting the computed

. +
.. (C..).
values into ?wiUlj( 11)

System (12.1) - (12.2) is also used in the second stage of our
solution of the auxiliary programming problenm. The first stage (i.e.,

the solution of MP via the "approximate' linear programming problem)

*
generates values for the C i’ j=1, ..., n. Using (12.1) and (12.2) we
*
can compute the Cij , 1i=1, ..., m, j =1, ..., n.
For the H.t we can proceed as follows. Initially we may have

little idea as to the eventual SNAPSHOT solution for the aggregate con-
sumption of good j, C.j'f Hence we choose Hjl close to zero, Hj,T+l

_very large, and space sz "’ijT evenly throughout the‘interval'
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{H . After our initial solution of the linear programming

17 By,
problem we will have an indication of what is the relevant range in which
to look for C 5 We reset the Hjt so that the function Vj is well

approximated (by the broken line, figure 2) in the relevant range. A

resetting rule that was used successfuly in Dixon [1975b] was

-
(13.1) Hjlg Hj,T+1 fixed
2 H..(v) -1 - v-1) -C v - 2]
{13, 1., (v = v - - Av - - v - 230,
(13.2) i2 S - - e ) - C v - 2]
Ho(v) " c” fv -2
i (v = C . (v - 1)+ 1C ,{v-1) - C .{v - s
5T 3 ) .3( ) g )
v =3, 4 ..
(13.3) Hjt(VJ, t =23, ..., T-1 , are spaced

evenly in the interval [sz(v), HjT(v)]

P

After the initial two solutions, the rules (13.1) - (1at3)
have the effect of concentrating the Hjt around the most recently computec
value for C .. Some simple modification is necessary if either sz(v,

or HjT(v}, as computed from (13.2), is out of the interval [Hjl’ Hj,T+1]’

' * %*
and where C:;v - 1) = lev -2

5. CONCLUSION

In this paper, I have proposed a method for computing solutions
for the SNAPSHOT model listed in table 1. The method consists of solving a
sequence of non-linear. programming problems - the auxiliary programming

problems.
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In section 2, 1 set out the auxiliary problem ((2.1) -~
{2.6)) and the necessary and sufficient conditions (3.1} - (3.9 for
it nululinn,v Then o proved propositions 1 and 2 which show that (a) if
a4 solution to system (3.1) — {3.9) satisfies a list of additional conditions
(4.1) - {4.8), then it reveals a SNAPSHOT solution via (5.1) - (5.20}, and

(b) cvery SNAPSHOT solution may be generated via (3.1) - (3.9).

In section 3, I suggested a set of rules ((6.1) - (6.6))
which are designed to adjust the parameters of the auxiliary programming
problem so that the solution does satisfy the additional‘conditions (4.1) -
(4.8). The reason for each of the adjustment rules was reviewed, and I
proved ?roposition 3 which shows that the adjustments will only terminate
when the solution to the auxiliary programming problem is consistent with
(4.1) - (4.8). Tt is probably worth emphasising that an iterative
procedure (of which (6,1) - (6.6) is an example) is in fact required. Thé
reader may wonder why I did not simply write a programming problem which
embodied the additional conditions (4.1) - (4.8). The reason is that such
an approach would be no simpler than attempting direct methods to solve the

potentially very large system of non-linear equations and inequalities

(1.1) - (1.20).

Section 4 discusses solution procedures for the auxiliary

' pfogramming problem. -The success of our method of computing SNAPSHOT
solutions depends on the auiiliary programming problem being ''trivial."

This appears to be the case, especially when the utility functions are
additive. In a large SNAPSHOT model, we might have 100 commodities (the
approximate size of the Australian input—dutput tables). Of these, perhaps
20 might enter the utility functions, and say 30 might be ''significantly"

-imported. Experience suggests that T = 10, 1i.e., a 10 piece approximation
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to the functions Vj(w+, C j) is more than adequate.1 On these figures,
the auxiliary programming problem can be handled by solving the

252 x 450 linear programming problem ((2.1)(b), (2.2)(b), (2.3) - (2.7))
(see table 2). Linear programs of this size are well inside the range

of modern computers and standard LP packages.  Also, the computer costs
involved in solving a series of 252 x 450 LP's can be expected to be little
more than the cost of solving the initial program. LP packages
invariably have "basis' saving facilities, and the basis from the tth Lp

solution will normally provide a very good starting point for the Simplex-

search for the (t+1)th solution.

TARLE 2 : THE SIZE OF THE APPROXIMATE MODIFIED PROBLEM
Constraints Variables
(2.2) (b)Y 100 th 220
(2.3) 30
1

(2.4) 1 X, 100
(2.5) 100 Xz 100
(2.6) 1
(2.7) 20 M 30

Total 252 450

No convergence propositions have been offered in this paper.

This omission is easy to explain - the SNAPSHOT problem is too
complicated and the adjustment rules (6.1) - (6.6) are too specific. It

seems to me that even if it is possible to prove convergence propositions
for our algorithm, the effort would be misplaced. Convergence propositions
can merely suggest that an algorithm will work : there is almost always a

rather large gap between applications and the assumptions of the

1.  See Dixon [1975b].
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thcorétical propositions.1 For example, it is common to assume
that iterative variables are adjusted ''smoothly,' whereas in practice
large jumps are often made. Also, convergence propositions rarely have
anything to say about the speed of convergence. Therefore, my view is
that it is probably sensible only to devote scarce research time to
convergence propositions in simplified prototype examples. Such propo-
sitions will indicate the conditions under which a particular algorithm
is likely to be successful in full scale practical applicationsQ and it
is unlikely that one could gain much more than this by attempting
propositions specific to ouf particular problem. Extensive theoretical
work in simplified models has already been done, Dixon [1975a, chapter 3],
Mantel [197i}, and the success of the joint maximization approach in
numerous tests (see Dixon [1975a, chapter 1], Dixon [1975b], Osterrieth
and Waelbroeckv[l975].and Ginsburgh and Waelbroeck [19741) provides a

reasonable basis for predicting success in the present application.

1. Perhaps an exception to this generalization is the work of
Scarf [1973]. However, in practice, few researchers would wish
to follow precisely the original Scarf procedure. Variations are
known (but not proved) to speed convergence. See Merrill [1972]

for a survey.
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