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ABSTRACT

Working's model (1943) yields Engel curves which are a
good approximation to observed consumer behaviour over
substantial variations in real income; these Engel curves cannot be
globally applicable, however, since budget shares are driven outside
the [0, 1} interval at large values of real income. Computable
general equilibrium (CGE) modelling often needs demand
specifications which remain regular over wide variations in
variables. Cooper and McLaren's MAIDS demand system (1987,
1988) is such a specification. Here we describe a special case of
MAIDS in differential form which synthesises ideas from the
Rotterdam School (e.g., Theil {1967)) and from Additive
Preferences (Houthakker {1960)) to yield a demand system which
is parsimonious in the use of parameters yet regular over a very
wide range of variation in real income. The system is successfully
fitted to a five-commodity sub-system of Australian consumer
expenditure over the period 1953-54 through 1985-86. The Frisch
‘parameter’ is reinterpreted (along the lines suggested by Sato

(1972)) in terms of the average elasticity of substitution.
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MAIDS UnDER ADDITIVE PREFERENCES:
SoME EarLy ESTIMATES

by

Nisha AGRAWAL and Alan A. POWELL'

Impact Research Centre, University of Melbourne

1. Introduction

Working's Law (1943) postulates, as an empirical

generalization, that the share W; of a commodity i (i=1, ..., n} in the

consumption budget is linear in the logarithm of real total
expenditure. This insight, revived by Leser (1963) and by Theil and
Clements (1987), is important because it supersedes the constancy
of marginal budget shares inherent in the Linear Expenditure
System (Stone, 1954) and in the Rotterdam model (Barten (1966),
Theil (1967)), and has been incorporated into modern approaches
to demand analysis; in particular, into the AIDS (Almost Ideal
Demand System) model of Deaton and Muellbauer (1980a,b), and
into the differential, additive preferences, model of Theil and
Clements (1987). These approaches ensure that the budget shares

W globally add across i to unity; they do not, however, guarantee

that individual shares globally 'lie in the unit interval; that is, that

The authors wish to thank Philip Adams, Peter Dixon, Maureen Rimmer and
Peter Wilcoxen for comments and/or discussion. Russel Cooper and Keith
McLaren generously provided extensive feedback on an earlier draft, from
which we have benefited greatly.
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{iv) quasiconvex in prices (at a fixed consumption

level),

It is clear from Roy's Identity that satisfaction of (ii} and
{iti) is sufficient to guarantee that budget shares never become
negative.!  Such a guarantee is crucial for computable general
equilibrium simulations, particularly in situations where a model

may be subjected to large shocks.

In this paper we fit MAIDS to Australian national time-
series data spanning 1953-54 through 1985-86 (documented in
Adams, Chung and Powell {1988)). To keep the number of
estimated parameters down, we invoke additive preferences, which
effectively reduces the number of substitution parameters to be
estimated to just one (the Frisch 'parameter’). Also, the model is
estimated in first difference form (rather than the levels) -- this

allows us to avoid estimating one subset of MAIDS parameters.

The remainder of this paper is structured as follows. In
Section 2 we describe the version of MAIDS which we fit. In
Section 3 we give some brief background material on the data,
which are tabulated in Adams, Chung and Powell (1988). In
Section 4 the econometric estimates, obtained by full-information-
maximum-likelihood (FIML) methods, are reported. In Section 5

we offer concluding remarks and a perspective for future research.

Of course, condition (i} needs to be strengthened to "increasing in nominal
total expenditure” to make Roy's Identity operational.
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Thus -¢ is indeed a weighted sum over all i of the weighted average

of substitution elasticities of other commodities with

The

weights, however, do not {quite) sum to unity; rather, they sum to

y, where:

(A5)

Consider the following two (arbitrary) examples (with n = 3):

M

Wil - W)
(1-Ew)

Example

Example 2

W, W E W w, 2w, E,  WE
J=i J#i
03 07 046 0.14 0.3 0.7 163 0.49
05 05 1.00 0.50 0.5 05  0.30 0.15
02 08 1.8 0.36 0.2 0.8 1.80 0.36
1.0 20 1.00 1.00  2.00 1.00
3 3
3 LW g0a0 3 LB WD osse
Y (1-E W) S ~ - w) .
i= i=

Whilst we have not established the upper and lower bounds for

then, over the region defined by (2.3), property (iv) above also holds
(see Cooper and McLaren (1988), p. 8). Applying Roy's Identity to
(2.2}, they obtain the following equation for the ith budget share:

£); + &g In (M/T})
1+ In(M/IT})

(2.5) w, =

»

where the g,; and &,, are the following elasticities:
(2.6) g = oln :w\%: P, (=1, 2; i=1,..., nj

Notice that the first degree homogeneity of IT; and Em‘wﬁmv:mm“

(2.7) Mm: =1 = M €9 .
i=1

i=1

Moreover, as Cooper and McLaren point out (1988, p. 9),

restricting the elasticities ¢j; to be non-negative is sufficient, via

(2.5), to guarantee that each budget share lies in the unit interval
{0, 1).

2.2 Special Assumptions

For our application below, we will work always in per

capita terms. Thus, from now on, M denotes per capita nominal
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APPENDIX: THE SATO INSIGHT

Sato (1972) reinterpreted ¢ = -1/w as the average

elasticity of substitution. This avoids the cardinality inherent in the

interpretation of ® as a welfare indicator and so may be a preferred

option.

We have not been able to establish Sato's conjecture
exactly; what we can show is that -¢ is, to a first approximation, a
weighted average, over all pairs of commodities, of the Allen-Uzawa

partial substitution elasticities o;;. To establish this we proceed as

follows. First, we note that
(A1} oy = -smmmg. , (isj)

where E;is the total expenditure elasticity of i, and that
(A2) 2 WE = 1
The share-weighted average of substitution elasticities over all pairs

involving commodity iis:

W,
{ o
st= X w7 %

J#i

26

commodities) o does not vary in response to changes in income and
prices. 2
We note that the definition of IT; implies that its log

differential is:

(2.9) T, = m-gq,

where in (2.9) (and from now on) lower case letters indicate log
differentials of the variables denoted by the corresponding upper

case letters. Next, using @; to denote the quantity of i consumed,

and following the differential approach to demand analysis (e.g.

s

Theil (1967)), we note that the change in the ith budget share is:

(2.10) w; = pp+g;-m
Now
n dln Q din @
n . i M
(2.11) q; = M Ezﬂﬁ b; + ginm ™ -
J=1

Partitioning the price elasticity dln Q,/dIn P;into substitution and

income effects, {2.11) becomes:

2 See the Appendix.
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As far as the current thread of time-series work goes,

four items are on the agenda:

1. Restoring Rent to the overall system, probably
along the lines investigated by Adams, Chung and
Powell (1988), who treat the rental price as an
endogenous variable and the flow of rental

services as predetermined.

2. Some further disaggregation of commodities,
probably to the 16-item level for which official

data are available from 1969-70 on.

3. In this world where Engel curves are both more
flexible than in Working's model and better
integrated with demand theory, it would be
desirable to reexamine the Frisch (1959)
caonjecture (which was confirmed in international
comparisons work by Lluch, Powell and Williams
(1977), but refuted by more recent work by Theil
and Clements (1987, pp. 68-70)). That is, ¢
should be allowed to vary with real income and
the strength of the estimated empirical
relationship (if any) between ¢ and @ shouid be

investigated.

24

where

(2.16) R=InM/I)= InQ =lnM-InH;-lna .

Noting that if {p; - 7 ; - g) is subtracted from both sides of (2.13),

the left-hand variable of the new equation is just:

(2.17) q; = w; - Qum-a- - q

and substituting from (2.14) and (2.15) into the new equation, we

obtain:
HWR + e,) Qm + &g

(2.18) % = OTRW, M T+R P

WR . W, R

_ et Egy { K+ Egy
TRw, | 2% Y TER w, 9 -
J=1
(i=1,.,n

The three right hand terms of (2.18) may be interpreted as follows:
the first term captures substitution effects at a fixed real level Q of
consumption per head, and the last measures the response of
consumption of i to a change in real per capita income at fixed
relative prices. The middle term is of second order in comparison

to the first and last -- it is a correction due to the divergences
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(4.4) EVAPS S (R4 ey W1 + R)

As total real expenditure grows without limit, so does R, while W;

AID.
converges to &£, (see (2.5)). As a result, mwm S tends towards unity

{as affluence increases) for every commodity.

This differential behaviour of the two systems is quite
important in explaining the differing time-series behaviour of the

estimated total expenditure elasticities: while the differences

WL 1AIDS fa
between E; and b> are not great at the sample midpoint,

they increase to substantial size by the end of the sample period.
Between these two points of time, real total expenditure per head

{for the subsystem) increased by 27 per cent.

Finally, we note that the Frisch parameter once again
has demonstrated its characteristic robustness -- the value found by
Chung and Powell (1987), namely -0.587, is in general agreement
with the value found in Table 4.1 (-0.626). At the sample mid-point
this corresponds to an average elasticity of substitution of 0.714

{see the Appendix).
5. Concluding Remarks

It has proved possible to estimate a version of MAIDS

containing just n + I free parameters {where n is the number of

22

can in principle be regarded as a current endogenous variable.

This is because no accounting identity is violated if we assume that:

n
M Wy u;  is non-zero.

i=1

To make this a little clearer, write g, as the sum of a
systematic part and its random error component uy :

SYs

(2.21) qy qdit + Uy

then, with levels of W, treated as predetermined in our

differential demand system, we have:

: : z

b_.c ,ﬁm

B.m.& Sm M«S Q:m M_S\M Ew + M S\m::
i=1 i=1 i=1

Comparing (2.20) with (2.22), we find the following identity for the

systematic part of the Divisia quantity index:

Div(sys Di
(2.23) g = Ty Pp+ g

Note, however, that our system of n equations does not contain the

DI
variable SE?:& . Provided we make the following additional
assumption:

{2.8e} i1y is not such that dIn @ has the Divisia form,

11
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4. Rent 0.18
5. Other (excluding durables)  0.32

How do our estimated 'total expenditure' elasticities (we
are referring only to expenditure in the subsystem) compare with
those obtained using the same data, the same additive preference
specification, but using Working's Law instead of MAIDS? In Table
4.2 we contrast our estimated values at the middle and end of the
sample with those obtained by Chung and Powell (1887). Under
Working's Law total expenditure elasticities take the form:

E"

(4.3) = 1+B/W, , (=1, ..., n)

where the f; are parameters which sum across commodities to

zero. Commodities with an elasticity exceeding unity gain share as

real total expenditure increases at fixed relative prices; hence, for
w

such 'luxury’ goods, elasticities E; approach unity from above as

total real expenditure grows without limit. Necessities (with J; <

0) experience declining shares as total real expenditure grows;
hence, the absolute value of the negative term §;/W, gets larger with

: . w i .
increasing affluence, and E; for these commodities declines

without limit (a defect of Working's Law).

In MAIDS the total expenditure elasticities take the

form:

20

In these expressions, the subscript t denotes the value of the
variable in year t, while the @».m relate to unscaled values of per

capita consumption in constant prices.

After the substitution of these discrete analogues into
{2.18) and the appendage of zero mean stochastic terms, this
system of equations may be estimated by maximum likelihood. The

parameters are ¢, ¢, and the {eg;). Since the last-mentioned add to

unity, there are (n + 1) free parameters. Notice that beyond just
first degree homogeneity, we have maintained an agnostic stance on

the functional form of IT; -- its elasticities {e;;} are in principle
Junctions of P (unlike the £5; which, by virtue of the Cobb-Douglas

functional form (2.8b), are constants): we make no attempt in our

estimations, however, to specify these functions.
3. Brief Remarks about the Data

The national time-series data span fiscal years 1953-54
through 1985-86. A considerable amount of splicing and editing
was required to obtain consistent series covering so long a period.
This is fully documented in Adams, Chung and Powell (1988).
Hence, we confine ourselves to a brief recapitulation of the
principles followed in this exercise; namely: (A) all index numbers
should respect the (price) x {quantity) = (value) identity. (B) Price
indexes, to be computed as implicit deflators from data on
expenditures in current prices, and in constant prices, should be

computed only from strictly matched series; i.e., from data for

13
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g1

Tabile 4.1

ESTIMATED PARAMETER VALUES FOR 5-COMMODITY SUB-SYSTEM EXCLUDING RENT(@)

Frisch Elasticities with respect to individual commodity Scaling Minimum real expenditure for
Stage(b) parameter prices of the price index ITa parameter which estimated model is
regular(c)
¢ €21 £22 £23 £24 £25 a e
0 {-0.587] [.0214] 1[.0455] .0528] [.1686] [.7117] 7.000(d) 11097}
1 [-0.687] [.0214] [ .0455} [.0528] [.1686] L7117} 7.439 1702
(195.4) :

2 -0.606 [.0214] [ .0455] [.0528] {.1686] [.7117} 7.436 1695

(4.41) (541.0)
3 -0.627 -.0422 .0178 .0333 1919 7992 7.028 1127

{8.54) (0.49) (0.55) {0.886) {4.98) (6.20) (13.53)
4 -0.626 [.0000] .0300 .0452 1783 7464 7.287 1461

(2.75) {0.44) (0.54) 4.03) {4.05) (13.79)

(a) Numbers in round parentheses are absolute values of ratios of maximum likelihood estimate to estimated asymy
standard error. Numbers in square parentheses are treated as 'known' constants at the stage of estimation shown.

(b} 'Stage 0' simply allows us to note our starting value of « at stage 1.

{c) Expressed in 1979-80 dollars per head (excluding Rent).

{d) Starting value.
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