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THE SOLUTION METHOD FOR THE ORANI MODULE

by

John Sutton

ABSTRACT

This paper describes the method of solving the ORANI module
of the IMPACT model. The structural equations of the ORANI module
number tens of thousands and each is iinear in the variables. The
solution method is not only efficient in terms of computation, but
also allows great flexibility in the choice as to which variables
are endogenous and exogenous. This would enable the medule to be
used for many different types of study, especially in the policy
arena. The first step in the solution is the elimination from the
initial structural equations of all variables which are of no further
interest. This results in the "condensed structural equations' which
consist of eight matrix equations representing 600 single line
equations in 1100 variables. The next step is to form the "final
structural equations' by elimination of another 400 variables which
will be "always endogenous" for all problems of interest. The ”final
structural equations" are then written as one large matrix equation.
This makes it easy to obtain matrix expressions for the reduced form
for any selection of the remaining variables as endogenous. The solu-
tion includes inversion of a matrix of dimension 200, and finally back
substitution to obtain results for the 400 '"always endogenous"

variables which were previously eliminated.
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- THE SOLUTION METHOD FOR THE ORANI MODULE

by

k1
John Sutton

1. INTRODUCTION

This paper is concerned with the method of obtaining numerical
solutions to the ORANI module of the IMPACT module. ! The theoretical
structure of the module and the fundamental equations have been described
by Dixon.2 The module is intended for use in a wide range of studies, and
for this reason the aim is to devise a method of solution which is not only
efficient but also extremely flexible. Rather than follow the usual
procedure of solving the module on the basis of one particular classification
of variables info endoggnous and exogenous, great importance has been placed
on flexibility in the choice of endogenoﬁs variables. In this way the
module can be used to investigate the effects of many different kinds of
policies by using different sets of endogenous variables. Further flexibi-
lity is achieved by providing for the additidn of extra variables and

equations in the final stages of the solution.

I am grateful to Peter Dixon for many helpful discussions and explanations
concerning the ORANI module, and also for useful suggestions about the
methed of solution. The material presented in appendix 1 is essentially
a reworking of his unpublished notes. Alan Powell has made many helpful
comments with regard to the method of presentation.

Alan A. Powell and Tony Lawson, "IMPACT : An Economic-Demographic Model of
Australian Industry Structure - Preliminary Outline," Impact of Demographic
Change on Industry Structure in Australia, Working Paper I- 01 Industries
Assistance Commission, Melbourne, September 1975. ‘

Peter B. Dixon, "The Theoretical Structure of the ORANI Module," Impact of
Demographic Change on Industry Structure in Australia, Working Paper 0 01,
Industries Assistance Comm1551on Melbourne, October, 1975.




The structural equations of the ORANI module number tens of
thousands. Each equation is linear in the variables, and each variable is
the differential of a logarithm; i.e., each variable equals the proportional
change in some quantity. Section 2 describes in general terms a method of
obtaining reduced forms from such a large system. The methdd may have other
applications, and it is described in such a way that it could be adapted to
quite different models. It ié necessary that each equation be linear in the
variables.1 However, there is no requirement that the variables be differ-
entials of logarithms. The essential principles are the elimination o? all
variables which hold no further interest beyond their role in the initial
structural specification, the (temporary) elimination of those variables which
will be endogenous for all problems of interest, and the representation of n
linear equations in matrix form in such a way that any n of the variables can
be selected as endogenous. The first two principles produce an efficient
solution, while the third enables the module to be used for many different
studies. The succeeding sections describe the application of these principles

to the ORANI module in particular.

In section 3 (and Appendix 1) it is described how the structural
equations of the ORANI module can be condensed to éight matrix equations, or

approximately 600 single line equations in 1100 variables, by the elimination

1. Some models which are linear in the variables are :

Leif Johansen, A Multisectoral Study of Economic Growth, 2nd ed.,
(Amsterdam : North Holland Publishing Company, 1974) ;

Lance Taylor and Stephen L. Black, "Practical General Equilibrium
Estimation of Resource Pulls under Trade Liberalization," Journal of
International Economics, Vol. 4 (1974), pp. 37-58 ;

Roger D. Norton, "A Computable General Equilibrium Framework for
Structural Models of Economic Development,' Prototype Country Models
Working Note No. 3, Development Research Center, International Bank
for Reconstruction and Development.

The variables are differentials of logarithms for the first two papers
and for substantial parts of the third paper.




of tens of thousands of variables. In doing this it is assumed that it

will never be necessary to exogenize or even to make further use of any

of the eliminated variables. Section 4 describes how the system can be
collapsed even further, resulting in a system of approximately 200 single
line equations. Again it is assumed that, for the policies to be studied

it will never be necessary to make any of the eliminated variables eX0genous.
Section 5 describes the determination of the reduced form for specified com-
binations of endogenous and exogenous variables. This involves inversion

of a square matrix of dimension approximately 200, and then back substitution

to obtain results for the variables which were eliminated in section 4.

An example of the use of the ORANI module would be to determine
the effect of a certain wage settlement on employment in a particdlar
occupation. Then the proportional chaﬁge in the wage would be an exogenous
variable and the éroportional change in the level of employment would be an
endogenous variable. On the other hand, if we wanted to know the wage level
which would clear the labour market, then the proportional change in the wage
would be endogenous and theVproportional change in employment would be exog-
enous. The proportional change in the wage is an example of a variable being
regarded as endogenous in one policy applicatioﬁ and exogenous in another.

As in this case, studies often occur in pairs which involve a simple swap of

two variables between endogenous and exogenous.

A similar example concerns the relationship between the rate of
tariff and the level of total domestic production in a particular industry.
The effect of the tariff is to multiply the import price by some factor. This
is equivalent to a proportional change in the import price. To dgtermine

the tariff necessary to achieve a particular level of production, the



proportional change in the level of production is treated as exogenous
and the proportional change in the import price as endogenous. The
opposite applies if the tariff is specified and the level of production is

to be computed.

It should be kept in mind that in éach of these examples thefe
are many other variables, both endogenous and exogenous, in addition to
those mentioned. The dependence of a particular endogenous variable on a
particular exogenous variable will depend on which other variables are in

the endogenous set.



2. GENERAL PRINCIPLES

The structural equations of an economic model such as the ORANI
module’specify relationships between a large number of variables. The
variables frequently cover a wide spectrum of aggregation. In the ORANI
module variables such as wages (by occupation), price, volume of exports, and
levels of production (by input-output categofy) are of primary interest.

They will be measured, estimated, and interpreted in the context of providing
information to policy formation. On the other hand, the module aiso includes
variables at a more disaggregated level such as the flow‘of goods from one
particular industry to another. These variables play an important role in the
structural equations, but apart from this they would rarely be of -interest.
There will be no occasibn to supply them to theimodel as exogenous, and it is
unlikely that there will ever be 2 need to deduce them from the model as

endogenous. Henceforth we will refer to such variables as latent variables.

The problems of interest can be specified and solved without any
reference at all to the latent variables. Consequently the latent variables
can be eliminated from the structural equations, leading to a smaller system

of equations which we will describe as the condensed structural equations. It

is implicit in this elimination that all the latent variables are endogenous.
Having reached this stage in the algebfa, the initial structural equations and
the latent variables can be forgotten. In the case of the ORANI module thé
initial structural equations nﬁmber tens of thousands and the elimination of
many variables, particularly those which describe flows in the input-output
table, reduces the system to approximately 600 equations in approximately

1100 variables (the eight matrix equations of the condensed structure).



The condensed structural equations describe the same
economic model as the initial structural equations, but in a far more
compact form.  Solutions of the condensed structural equations will be
compatible with the economic model described by the initial structural
equations. It is quite likely that the condensed structural equations
will also be compatible with other economic models, but that is of no

relevance to the present discussion.

The structural equations of the ORANI module comprise a system
of equations which is linear in the variables. Consequently the condensed .
structural equation§ will also be linear in the variables. Let the number
of Qariables and number of linearly independent equations in the condensed

system be m and n respectively, where m is greater than n.

By the properties of such a system of equations, we can select
any n of these variables and obfain expressions for them in terms of the
remaining (m - n). It is convenient to write the final result with the n
variables on the left hand side of the equations and the (m - n) variables
on the right hand side. When the n left hand variables include only endo-
genous variables, and the (m - n) right hand variables include only exogenous
variables, such a solution is known as a reduced form of the problem.

Clearly the reduced form will depend on the particular combination of n

variables selected for the left hand side.

Models of this kind are usually presented in the following manner.
First, there is a list of n structural equations. Then follows a list of
definitions of parameters and variables. The variable list is typically
broken into two parts - n variables which are said to be endogenous, while
the remaining variables are specified as exogenous. The solution of the model

then consists of expressing each of the variables on the endogenous list as a
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function of the variables on the exogenous list. In contrast to this
usual procedure, the solution method described in this paper does not
depend on there being a single classification of variables as exogenous
and endogenous. Instead, the ORANI solution recognizes that the model
should be thought of as specifying the relationship between ﬁariables, and
the particular classification of variables as endogenous or exogenous will
depend on what the model is being used for. The user has the freedom to
choose which are the endogenous variables; and the remaining variables are
exogenous. This,optibn enables the same model to be used to examine quite
different objectives and policies simply by altering the set of endogenous
variables. In some policy applications of a model, a particular variable
will be regarded as endogenous while in others it will be treated as exogen-
ous.

Given a set of endogenous variables, the module can be solved by
writing the complete system of equations in matrix form and rearranging the

order of the variables so that

(A B) (y]= o,
Z

where
y is the vector of endogenous variables |,
z is the vector of exogenous variables, and
A and B are matrices with A square and of full rank.
Then
Ay + Bz = 0 ,
and hence ‘ y = - A-l By .

Although this is a general result which allows for an arbitrary
choice of endogenous variables, it involves two computing tasks which are

costly for a large system of equations - the inversion of matrix A and the



multiplication of two large matrices. In the ORANI module, the magnitude

of the multiplication is somewhat reduced because large sections of matrix B
are empty. In general, this is likely to be the case for any large system.
The inversidn of matrix A could be simplified by partitioning the matrix.
However, the optimum partitioning would depehd on the particular choice of
endogenous variables. Such a procedure would have to be programmed separately
for each choice of endogenous variables and in this way the formulation would

lose the flexibility described above.

The number of operations in a matrix inversion varies essentially
as n3, where n is the dimension of the matrix. Hence it is highly desirable to
reduce the size of the matrix to be inverted. This can be achieved if it can
be assumed that some variables will always be endogenous. These variables are
then eliminated by elementary algebra, thus reducing the number of equations
and consequently the size of the matrix to be inverte&. The elimination
process is worthwhile if the savings in the matrix inversion exceed the cost of
the additional algebraic operations (elimination of endogenous variables, and
also back substitution to solve for these eliminated variables). It is parti-
culérly worthwhile if the special structure of the equations permits an

elimination procedure which does not involve complicated algebraic manipulations.

After elimination of the latent variables we can consider the

remaining variables as being in three broad categories:

() Variables which, for all problems of interest, are always
endogenous (e.g., in ORANI, the price of capital goods) ;

(2) Variables which, for all problems of interest, are always
exogenous (e.g., in ORANI, the supply of land) ; and

(3) Variables which are sometimes exogenous; i.e., which may
may be endogenous or exogenous, depending on the particular
problem (e.g., in ORANI, wages)
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Such a classification is rather subjective, and it might be
argued that odd cases can be found such that every variable might be endogen-
ous or exogenous at some time or another. However, there are practical
advantages to be obtained by ignoring the odd cases and using such a scheme.
It will next be shown that by treating the always endogenous variables differ-
ently from the other variables, it is possible to solve the model in an
efficient manner while at the same time retaining sufficient flexibility to

study a wide range of problems.

It is possible to eliminate from the condensed structural equations
all the always endogenous variables, thus reducing'the number of equations and
number of variables even further. The resulting equations will be referred to

as the final system of (structural) equations and will include only variables

which are either always exogenous or sometimes exogenous. The elimination of
a variable does not ﬁean that it is irretoverably lost. Once a.solution is
obtained for the other variables it is possible to obtain an expression for an
eliminated variable by means of back substitution.I The condensed structural
equations are used in this way to solve for those eliminated variables which
are of interest. Only endogenous variables can be eliminated. If an exogen-
ous variable were eliminated then the remaining equations would contain more
endogenous variables than the number of equations, and hence there would be aﬁ
infinity of solutions. It would be impossible to determine the correct solu-
tion without going through the counter-productive step of resurrecting the

eliminated exogenous variables.

Up to this point the solution is completely general, except for the
constraint imposed by the decision that certain variables will always be endog-
enous. Finally, the solution for a particular problem or policy is obtained by
specifying which are the endogenous variables, forming the corresponding

matrices A and B, and solving as described above. In principle,

1. This applies to the latent variables as well as to the always endogenous
variables.
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any set of variables remaining in the final system of equations can be
arbitrarily selected as endogenous. In practice there may be restrictions
on which combinations of variables can be used as endogenous and exogenous.

This will be discussed further in section 4 with regard to the ORANI module.

The method depends critically on the decision as to which
variables are considered always endogenous,'and are thus eliminated in the
algebra. (In practice, this choice may include some consideration of the ease
of eliminating variables and also the size of the final matrix to be inverted.!
It follows from the way in which the variables have been classified that the
final system of equations will contain a sufficient number of endogenous
variables to accommodate all combinations of endogenous and exogenous variables

which are of interest. Any other combinations are either incompatible with
the initial structural specification of the model or with the assumptions concern-

ing which variables are always endogenous.

In practical situations there are additional tricks that can be
used to increase the flexibility and efficiency of the solution method. For
example, we may wish to determine the effect of wage changes on the consumer
price index. Even if the structural equations of the model contain no allow-
ance for the consumer price index, such a problem canAbe dealt with by intro-
ducing a new variable and a new equation to describe and define the consumer
price index, and by appending the new equation to the final system of equations.
The procedure is simplest when the variables occurring in the new equation(s) do
not include any of those previously eliminated as always endogenous. In any

case, it is not necessary to rework all the algebra starting from the

structural equations.

In the previous section, mention was made of two problems which
involved wage rates and levels of employment in different industries. In one

the wages were exogenous and employment was endogenous. In the other, employment

was endogenous and wages were exogenous.
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By treating these two problems as a pair, the algebraic
solution to one can be used to give a simple solution to the other. The

reduced form for the first problem, which concerns setting the wage rates

exogenously, can be written in matrix form as

‘11 €12
u v
y z
©1 €22
L J
where
v is the Vector of proportional changes in wage rates ;
z 1is the vector of the other exogenous variables ;
u 1is the Vector of proportional changes in the levels
of employment ;
y is the vector of the other endogenous variables ;
vectors u and v have the same dimension; and
C110 €12¢ S21° and oy are matrices with 11 square, and the
¢'s are functions of parameters in
the final structural equations.
Then
U = GV +Cya
= %
and y 5V €yl

The reduced form for the second problem will have v and y on the
left hand side, and u and z on the right hand side. By rearrangement of

the expressions for u and y it is easily seen that the desired reduced form

\

is 4

el - et
11 11 12
v u
Y c el ., -~ C cle z
21 711 22 21 T11 "12
\ J
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Although these formulae were derived for the particular case
of wages and employment levels, the results are general. Given the
solution to one problem, the solution to a related problem (which involves
swapping the roles of some variables between endogenous and exogenous) can
thus be obtained by a more efficient method than re-solving the related
problem. The new method involves manipulation of the c matrices, but it
avoids the more costly step of recalculating new ¢ matrices from the final
structural coefficients. There is a considerable saving in computing,
particularly if the number of variables involved in the swap is small

compared with the total number of endogenous variables.
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3. CONDENSED STRUCTURAL FORM

The complete ORANI module has been described by Dixon.1 The

structural equations which represént the module are’summarized in appendix 4
of his paper. In this section, these equations are consolidated into eight
matrix equations, otherwise known as the condensed structural equations,
which form the starting point for the general algebraic solution to be
described in sections 4 and 5. The consolidation is achieved By eliminating -
from the structural equations all latent variables, i.e., those variables
which are of no further interest. The general principles of this ﬁrocess

will be discussed in the text, but the details are to be found in appendix 1.

Although the module has already been fully documented by Dixon,
the notation will be repeated here. This will enable the present paper,
which is concerned only with the mechanics of solving the module, to be read
independently from Dixon's paper, which is concerned with specifying the
initial structural equations of the module on the basis of explicit assumpt-

ions about economic behaviour.

There are some differences between the two papers in the use of
symbols to represent variables. Attention will be drawn to these differe-
ences as they arise. In general, each variable will be defined only once,
when it is first used. The variables remaining in the eight matrix equations
of the condensed structure are listed in Table 4. Following Dixon, capital
letters denote annual flows in real terms and small letters denote

AXi

proportional changes. - Thus X, = 3= The variables
i

1. Peter B. Dixon, op. cit..
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in the system of equations are all of the proportional change type. To
avoid needless repetition in describing the variables, the phrase "the

proportional change in'" will usually be omitted in definitions.

The following conventions for subscripts and superscripts are

adhered to as far as possible. For x(k)

isj the superscript (k) dénotes

usage as follows:

k=1 interﬁediate usage ;

k = 2 new investment in capital goods ;
k = 3 household consumption 3

k = 4 exports ;

k = 5 other uses (including government).

The subscript i denotes the input, as follows:

1 to g for goods, where g is the number of industries ;

i =
i =g+ 1 for primary factors (wages, fixed capital, land) ;
i = 8 + 2 for other costs of production (including taxes,

subsidies, inventories and costs of holding liquidity).

The subscript s denotes the source of the input, as follows:

{s = 1 for domestic sources ,
fori=1tog '
s = 2 for imports ;
{'s = 1(£) for labour in occupation £ (£ =1, ..., h)
for i =g+ 1 s = 2 for capital stock ,
s = 3(r) for land of type r‘Cr =1, ..., n)
The subscript j denotes the using industry. It takes values 1 to g for
intermediate usage (k = 1) and capital investment (k = 2). For k = 3, 4 or
5, the j subscript vanishes. Thus, for example, x§§; is the proportional

change in the input of imports of good i into capital investment for

industry j. p;, is the proportional change in the import price of goods
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of type i, whilst Xi is the total usage of goods of type i from all
sources. When these quantities are expressed as vectors the subscript i
is dropped. Hence P, is the vector of proportionai changes in‘import

prices.

These conventions may appear to be broken for the variables -

related to primary factors and other costs, i.e., Qyp> 9240 93p0 Y450 Mg

Noss Nz and the related vectors 95 s etc.. This is because the first
subscript, (g+l) or (g+2), has been dropped as too cumbersome. This should

not cause any confusion as the meanings of the subscriptsare fairly obvious

from the contexts in which they are used,

In describing the matrix equations, use is often made pf the
operator " above a variable to denote conversion of a vector to a diagonal
matrix. Use is also made of Iij to represent the elements of the identity
matrix.  Thus Iij equals 1 for diagonal elements (i=j) and 0 for all other

elements (i#j).

There are g types of good, h occupations (types of labour) and
n types of land. Dimensions of matrices will not usually Ee stated
explicitly. They can be deduced from the dimensions of vector variables in
the matrix equations. Similarly, ranges of values for subscripts are not

always stated as they can be inferred from the context.

The structural equations described by Dixon allowed for only one
occupation‘and one type of land. They have now been changed to allow for h
occupations and n types of land. The production technology allows for
substitution between inputs of labour and land. However, it is assumed that
there is no substitution between inputs of labour from different occupations
and no substitution between inputs of land of different types. This means

that for each industry there are fixed ratios between the numbers of workers
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in each occupation, and fixed ratios between the numbers of units of land of
each type. It is also assumed that the wage rate for a particular occupation
is the same for all industries, and the rental price for a particular type of

land is the same for all industries.

The structural equations now consist of the set of equations

summarized by Dixon in Appendix 4 of his paper, together with the following

1
changes:
(a) new equations which replace original equations
. = I . )
Plgriy1y 7 Sg+1)1(0); Y1z (6.3)
Peg+1)3i = & S(ge1)3(2)j Y31 (6.5)
Mg T ? Los X(g+1)1(2) (6.7)
nSr = ;} RI‘j x(g+l)3(r)J (6.9)
(b) new equations
Xg+)1(0)j - X(g+1)1j (3.6(111))
T ; 3.6(i
er3(m)i T F(gr1)3 (3.6(iv))

(¢) additional equations from the text of Dixon's paper : (3.14), (3.15),

and (3.16).

1. The equations are numbered in the system used by Dixon.
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Table 1 summarizes the relationships between this set of

equations and the matrix equations. It should be pointed out that no use

i

has yet been made of equations (3.6(i)), (3.10) and (3.17) for s = 2

(demands for imported goods). These are not required for the initial
applications of the module. ~ They will be introduced at some later date

when an equation for the balance of trade is added.

Table 1 : Correspondence Between the Matrix Equations
of the Condensed Structure and the Initial
Structural Equations

Matrix Equations of the Initial Structural Equations

Condensed Structure

Basic Equations Subsidiary Equations
1. Price of Capital Goods (5.4)
2. Domestic Commodity Prices (5.3) (6.3}, (6.5)
3. Investment (4.8) (4.9}, (4.10)
4, Household Demands (3.17) (for s=1) {3.14), (3.15), (3.16)
5. Labour Demands (6.7) (3.6(1i1)), (3.6(iii)),
, (6.3), (6.5)
6. Demands for Capital (6.8) ' (3.6(ii)), (6.3), (6.5)
7. Demands for Land (6.9) (3.6(ii)), (3.6(iv)),

(6.3), (6.5)

8. Market Clearing (6.6) (3.6(1)) (for s=1),
, (3.10) (for s=1)

Many of the structural equations involve parameters which must
be supplied from outside the model. These parameters are summarized in
Table 2. In addition, many of the coefficients in the equations are described
as ''shares' and are ratios of entries in the input-output table. For the
purpose of this paper it is assumed that the table is in the form shown in

figure 1.
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Parameters to be Supplied to the ORANI Module

Description

Table 2
Parameter Dimension
B gy
o@D gey
G§3) gx1
oy g x1
Bj g *x1
QJ- g x1
&; g x1
i g*g
€ g x1
Lﬂj h xg
Rrj nxg

elasticity of substitution between domestic and
imported sources of goods for intermediate usage

elasticity of substitution between domestic and
imported sources of goods for investment purposes

elasticity of substitution between domestic and
imported sources of goods for household consumption

elasticity of substitution between primary factors
in the production process

elasticity of rate of return with respect to level
of capital stock

ratio of gross rate of return (without allowance
for depreciation) to net rate of return

rate of growth of capital stock

elasticity of household demand with respect to
prices

elasticity of household demand with respect to
total household expenditure

(shares derived from) matrix of employment by
occupation and industry

(shares derived from) matrix of land use by land
type and industry)
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Figure 1 : Format of Input-Output Table for the ORANI Module
Annual Flows
($ million)
&=
= "
. . e & + t
Intermediate Capital s E‘ 5 g
Usage Investment 2 a2 oy S
& o 3] &)
= o
(&)
k = kX = k =
k= (1) j=ltog|k=1(2) j=1tog| (3) (4 |(5)
Dcmesticaily
Produced
Goods
5 =1
INPUTSs =ltog
OF
GoODS Imported
' Goods
s = 2
i=1 to g
Wages
PRIMARY s =1
h occupations
FACTORS  Capital Stock
s =2
i=g + 1 Land
s =3

n types of land

OTHER COSTS OF

PRODUCTION

i=g + 2




20.

The method of transforming the Australian Input-Cutput Tables (1962/63)1 to
this form will be described in a later paper.

the term "input-output table" refers to a table in the format of figure 1.

A mechanical approach to the table would sometimes indicate that
all shares of some quantity are zero divided by zero.
to make all such shares zero. However, in order to preserve the condition
that the sum of shares is unity, we have arbitrarily made one of the shares
unity and the others zero.

choices have no effects on the solution.2

Before turning to the detailed derivation of the eight matrix

For the remainder of this paper

One convention would be

Detailed inspection of the algebra shows that these

equations,

it is worthwhile to make some general remarks about these eqdations.

By way of example, consider the vector of household consumption of domestically

produced goods (Xii)) which is assumed to depend only on the vectors of domestic

prices (le) and import

prices (sz), and total consumption expenditure ).

This relationship can be written in general terms as

3y . . .
; Xil Fil(Pll""Pgl ; PlZ""PgZ ; O)
In differential form, this becomes
ax{® oF.. P.. dP, oF.. P., dP, OF,
il oy il jl jl 31 j2 j2 il “%"j %E
(3) 8P, (3) P. . 9P, (3 P aC 3
x;y) 301 Xy i 3T Xy 32 X
or
(3 _
x;77 = L onyp50P51 t B MipgePy2 Tofa©
where 3F,. P, 3x(3) p, ax(®
- il s il Js and e - il C
"i1js T 8P ;%33 5P, . x(3) il 3¢ (&
L b 35 M il
1. Australian National Accounts, Input-Output Tables 1962-63, Commonwealth Bureau

of Census and Statistics, Canberra, May, 1973.

There is one exception, in the demand equation for cagigal.
of S, should be set equal to 1.0 arbitrarily because this can lead to complete

rows“and columns of zeros in the system of equations and hence a matrix that

None of the elements

cannot be inverted.
elements in S, and S
and land rent%ls;

For industries which use no capital stock, non-zero
can cause curious dependencies of capital stock on wages

3 however, such elements have no effect on other industries.
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i.e., niljl is the elasticity of consumption X§§) with respect to
domestic price P s N.,:, 15 the elasticity of x(3) with
jl ilj2 il
: 3
respect to sz, and €1 is the elasticity of ng) with respect to C. This
expression for Xii) is equivalent to Dixon's equation (3.17). In matrix

(3) _

1 T NygPp T NPy *oEc

form it becomes X

Each of the eight matrix equations can be interpreted in a
similar manner. Given that a left hand variable is a function of right hand
variables, the proportional change in the left hand variable is equal to the
sum of the elasticities with respect to the right hand variables, each elasti-
city being multiplied by the proportional change in the same right'hand
variable. The role of the structural equations is to specify particular
forms for these elasticities as functions of the initial structural parameters.
However, it should be pointed out that even if the initial structural equations
are changed, the general forms of equations 1 to 8 will be unchanged provided
that each variable on the left hand side is still a function of the same
variables on the right hand side. For example, the specification of invest-
ment might be changed but, providing investment was still a function only of
the level of capital stock, the rental value of capital, the price of capital,
and aggregate investment, equation (3) would still be of the form
+ G

i = 6 + G,m + Gse . The formulae for the elements of GZ’ GZ’

2Ny * B3y * by

G4 and G5 in terms of initial structural parameters would be changed, but the

algebra of the condensed structure would be the same.

The derivations of the eight matrix equations from the initial
structural equations are described in appendix 1. Many of the eliminated
variables correspond to proportional changes in flows in the input-output

table. These include demands for goods for use in each of production,
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creation of capital, and household consumption. For example, demands

for domestic goods for use in production (xgig) and capital creation (xii%)
are eliminated in the formation of equation (8). This accounts for the
removal of Zg2 or 18,432 variables, Other variables are omitted as a

consequence of technological assumptions such as the lack of substitution
between labour from different occupations. The eight matrix equations are

presented in Table 3, and the notation used in these equations is summarized

in Table 4.
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. ’ %
Table 3 : Condensed Structural Equations of the ORANI Module

Equation 1 : Price of Capital Goods (g components)

(2) (2)
Alx p1 + AZ PZ .

hig =

Equation 2 : Domestic Commodity Prices (8 components)

. 4D (1) (1) (1) (1) (1)
Py = Ay TPyt ARy AgTay F ATy ¢ AgTAy ¢ AgT g,

Equation 3 : Investment (g components)

+ G G,n + G.B

i =@ 39, * G4 5

2™
Equation’4 : Household Demands (g components)

x(f) = NPy T TPy tEC -
Equations 5 to 7 : Factor Demands

Labour (h components): ny o= Lox + qul + L2q2 + qu3 H

Capital (g components) : n, = Kox + Klqi + quz + qus ;

Land (n components): N, = Ngx + qul + quz + qus

Equation 8 : Market Clearing € components)

A ONOIMON CIMON S

~-¢P1+¢'P2

*  For notation, see Table 4
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Table 4 Notation
Variable Dimension  Equations Description
ki g (1), (3 priée of new capital (assumed always
endogenous, eliminated in algebra)
Py g (D,2),4),(8) price of domestic goods (see my and m,
k below)
P, g (13,(2),(4),(8) price of imported goods
q, h (2),(05),(6),(7) annual wages, i.e., price of labour by
occupation
q, g {(2),(3),(5),(6),(7) annual rental value of capital
G4 n (2),(5),(6), (N annual rental value of land
q, g (2) cost of extras (liquidity, inventories,
taxes)
i(z y) g (3),(8) investment (assumed always endogenous,
eliminated in algebra)
© 1 (3) aggregate investment (from MACRO)
c 1 (4) aggregate consumption (from MACRO)
N h (5) supplies of labour (from BACHUROO)
nz(E k) g (3}, (6) capital stock
ng n (7) supply of land
X g (5),(6),(7),(8) production, total output
x{g) g (4),(8) consumption (assumed always endogenous,
eliminated in algebra)
x§4) g (8) exports ( see m1 and m, below)
xﬁs} g (8) other demands (government, inventory
changes
. . {(4) (exogenous
my g mixed vector of Pq and Xq components)
. (4) (endogenous
m, g mixed vector of Py and Xq components)
g = number of industries (= 96, initially)
h = number of occupations (= 8, initially)
'n 4

number of types of land (= 1, initially)

N.B.

All variables are

form

X

AX
X

fractional changes, i.e., dimensionless quantities of the
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4. FINAL STRUCTURAL FORM

The eight matrix equations of the condensed structure consist
of (6g + h + n) equations which are linear in (1l1g + 2h + 2n + 2) variables.1
This means that we could select any (6g + h + n) variables and express them
in tefms of the other (5g + h + n + 2) variables. Stated another way,

given the values of any (5g + h + n + 2) variables as exogenous, we could

compute the values of the remaining (6g + h + n) variables as endogenaus.z

For the initial trial version of the ORANI module with g = 96,
h = 8 and n = 1, there are 585 equations in 1076 variables. This is still too
large a system of equations for convenient computation. Following the strat-
egy described in section 2, the aim is to redpce the number of equations and
variables further by eliminating variables which will be endogencus for all
problems of interest. ~The choice of such variables is somewhat subjective
as it depends on anticipating all possible uses of the module. It is import-
and to retain a sufficient number of variables so that there is adequate
flexibility in the choice ofkendogenous and exogenous variables. From a
computational point of view, some consideration was given to the ease of
eliminating variables and also to the size of the final matrix to be inverted.
It was decided to eliminate 4g variables, thus reducing the system to

(2g + h + n)} equations in (7g + 2h + 2n + 2) variables.

tw

The economics of the model‘suggest;that the equations are linearly
independent. ;

In practice, due to the particular form of the equations there are
restrictions on the choice of endogenous variables. For example, the

variables x§4) and x§5), each with g components, appear only in

equation (8). It would be impossible to make all components of both

x§4) and x%s) endogenous for, supposing that all other variables in
equation (8) were either exogenous or already eliminated, there would be

g linear equations in 2g unknowns. Such a system has an infinite

number of solutions because any g of the variables can be given
arbitrary values and these then determine the values of the other g.
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It is assumed that the vectors n (price of new capital),
i {investment) and x{s) (household consumption) are always endogenous.

These account for 3g of the 4g variables to be eliminated. The remaining
g always endogenous variables are a combination of components of the
vectors p, (domestic prices) and x§4) (exports). It is assumed that each

industry can be classified as either

(a) an export industry, which has exogenously specified domestic

prices (equal to world prices) and endogenously determined

exports (excess production, as given by the model)}; or

(b) a non-exporting industry, which has endogenous domestic

prices (determined by the model) and exogenous levels of

exports (usually zero).

It is intended that the number of export industries be no more

than 20. The vectors P, and x§4), each with g components, between them

contain g endogenous components and g exogenous components. These 2g

components can be rearranged to form two new véctors, m, and My s each with

g components, one for each industry, where m is the vector of the .

(4)

exogenous components of P; and X7, and m, is the vector of the endogenous

components of Py and x§4).

The elimination of w, i and fo) from equations (1), (3), (4) and
(8) is trivial and results in a new equation, (1b). The subsequent
elimination of m, from equations (1b) and (2) is more complicated and
results in a gelection of equations from the two new matrix equations (1c)

and (2a). The derivationsof equations (1b), (1lc) and (2a) are now

described.
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Derivation of Equation (1h)

Elimination of =, x(s), i from equations (1), (3), (4) and (8)

1

gives equation (1b}:
(9) (2) (2) (2)
B 'x + B Gznz + B quz + Dlp1 + sz2 + B GSS

(3)

+ B Tec + 8(4)x§4) + 8(5)x§5) = 0
where
@ 1@
p, = 8@ea®@ 6By,
D, = 85" 8y, + v

The elimination of 3g variables reduces the number of equations from

(6g + h +n) to (3g + h + n).

Equation (1b) is reached by the following three steps :
(1) Substitute equation (1) into equation (3) to eliminate w7,

giving equation (la):

. (2) (2) .
1= Gyny + Ggay + GA; Py *+ Gy APy *+ G0 5

(ii) Substitute equation (4) into equation (8) to eliminate xfs)

giving equation (4a)

AN C) T ¢ R € I ) IS ¢ B

x + B71 + BngPy 1P

RO N O IO MO B

(1b)

(1a)

(4a)



(1ii) Substitute equation (la) into equation (4a) to

eliminate 1, giving

- 2 (2) (2) . 2(2) (2} (2) ()
0 = B " 'x+ ¢ Gzn2 + 8 63q2 B G4A1 Pt B G Az P,
‘ 2 3 3 3
. B( )Gse . S( )“llpl . 8( )“12P2 . B( )EC
(4) (&) 5).(5
PELXT 3 )x§ ' VPy * VP,

This simplifies to equation (1b) above.

Derivation of Equations (lc) and (2a)

Elimination of m, from equations (1b} and (2) will reduce

the numbers of equations and variables by g to (2g + h + n).

Equation (2) can be rewritten as

. (1 (n (1) (1) 1)
P = DA Tpy + AgiTay v A gy ¢ ATy ¢ A6 qt

2 {2a)

-1

where D4 = (I - A§1))

As all the elements of Ail) are non-negative and strictly less than 1.0,

(1 - A{l)) can always be inverted.

Substitution of equation (2a) into equation (1b) to eliminate

> gives
2 1
8@ x + x4 gG)) wpaltq 4 (s 86, + 0 .al)a,s DAl
+ patlq, + (0,+ D Ap, 4 86,0, + 860 8(3ec = 0, (1c)

6 Y4

where D5 = DID4 .
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on the

(1) (8)
1

Equation (1c) can be written with the term ﬁ
left hand side and all othér terms on the right hand side. Then
equations (2a) and (1c) together consist of 2g single line eéuations,
one for each of the components of the wvectors p1 and Xi( ). The
vectoré p1 and xj(a) do not appear anywhere else in the remaining
equations of the structure (3), (6) and (7). Hence m,, the g
endogenous components of p1 and xl(a), can be eliminated from the
structure simply by crossing out the corresponding lines in {2a)
and (1c¢c).

In practice, all elements of the matrices are
calculated for both equation (2a) and equation (1c). The export
industries are specified, and then matrices for the composite
equation (1d) are formed from the matrices of (2@) and (1c). The Lt
row will be taken from equation (2a) if the ith industry is an
export industry; otherwise it will be taken from equation (1c}).

Equation (1d) has g components and consists of linear
x1(5)

3 i th iables n
terms in e varia X s p2, q?’ q2, qu qh’ 1;ngsnB, 8,

L
¢, and m1 (parts of p1 and x1( )). It must be emphasized that the

(4)

components of p1 and X,

remaining in the final structural equations

are necessarily exogenous.

The final system of structural equations consists of

equation (1d) (parts of {(2a) and (1c)) together with

Lox *+ Lyay + Lyay + Lyag = Ing = 05 (5)
Kox + K1q1 + K2q2 + K3q3 - In2 = 03 (6)
+ N - In = 0. (7)

Nox + Nja; + Nyq, 395 "3
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The final system of equations is represented diagrammatically
in figure 2. It is obvious from the figure that it would be easy to
change the final system of equations to include all lines of equations (2a)
and (lc). The final system of equations wéuld then consist of approximately
300 equations rather than 200. This would be the case if it were decided
that all components of m, xfs) and i were always endogenous, but none of the

components of Py and x§4) were necessarily endogenous.



1 T
Ok EOR

V
I N N N \M\ \\\\_ ”\“ Oy
1 £y %y Iy \ M\ Oy
/4 ¥
L £ z, L § W 0,
. / ; 4
ww (2)° ;me@@ Rl (v a Qw.%a MWMMWM | (@yaf ‘o ch&\\\ O Ol W O
IV T .\4\\N\\r\\;ﬂ\wa\w.”\w\\w\\.\\\w\w\i\w \\c\\M‘\N\Mv\ 7/ .\N:\..\.\..\...\V\w\.&w\n\\\w
9 N&\ S s A \\\\\\\\\\\
LLagu ey ity 4 77
| S 0 u Zy Ty y, b 49 Tp ¢q Iq X

*$9TIISNpUL
gurjzodxs-uou pue serxisnpur jxodxs USSMI9q UOTIDUIISTP 8yl 01 onp welsAs [BUTF 9yl Ul
POpNIouUT 30U axe YITYm sedtaiew Jo sixed ayj A1teoT3RWOYdS S93BOTPUT BUTydlBY-SSOI)

150192 O TINy 9I® [oquAS B INOYITM SOOTIIBY

suotjenby (U + Y + 9¢) JO waisAg [BINIdNIIg T[BUTH 9Yl Fo uoriejussaxdoy orreuwmeisderq

“1g

!z eandty

ST

BZ



5.1

5.2

32.

5. REDUCED FORM

Impact Elasticities

The final system of (2g + h + n) structural equations can be

written
Ay + B2 = 0 ,

where y is the vector of the (2g + h + n) endogenous variables and z is

the vector of the (5g + h + n + 2) exogenous variables.

Then -1
y = Cz , where C=- A" B ,
The initial aim is not to obtain actual numerical values of the endogenous
variables for given values of the exogenous variables, but rather to
determine impact elasticities, i.e., the percentage changes in endogengus
variables that arise from a one percent change in an exogenous variable,
with all other exogenous variables held constant. The equation y = Cz

can be written in terms of individual variables as

y = L C.. 2z
1 . 1
j J ]
aY, AZ
e, () = Gy (5D
1 ] 3
‘ AN
Cij - (5739 Y; :

Ci' is thus the elasticity of the endogenous variable Yi with respect to
the exogenous variable Zj' Hence C is a matrix of the desired impact

elasticities.

Back Substitution

It is necessary to find corresponding results for the other

endogenous variables (x(s), i, m and m, [the endogenous components of P,

1
4)
;D

and x
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First consider m,. Using those rows of equatiors (2a) and (lc) which

2
correspond to the endogenous components of Py and x§4), m, can be written

in the form

m, = Mly + Mzz
= (Mlc + Mz)z
= MSZ .

n depends on Py and p, as given by equation (1).
The components of p, are either exogenous or are given by y = Cz, Some
of the components of p, are exogenous, and the remainder are given by m,.

Hence, from equation (1), 7 can be written in the form

=
]

Qy + Q2

]

(Q,C+ Q,)z
= QSZ .

Similarly, from equation (4)

x(s) R

i 1y+R

A

2

i

R.z , where R3 = R1C+R2 .

Finally, from equation (3), i can be written in the form

uds
#

Sly + 82z + G4w

SICz + Szz + G4Q32

#

(5,C + 8, + G,Q;)z

= SSZ .

For the initial solution, the matrix C is of dimension 201 x 491,

or approximately 100,000 elements.

The matrices MS’ QS’ R3 and S3 are each of the diménsion 96 x 491,

or approximately 50,000 elements each.
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The evaluations of M etc. involve the multiplication

3’ QS

of very large matrices. However, some computational savings can be

achieved by taking advantage of the many columns of zeros that exist in

matrices such as Q1 and Q2.

5.3 The Computer Program

The fundamental computer program for the ORANI module uses
as data the matrices of equations (l¢), (2a), (5}, (6) and (7) (see
figure 2 for a diagrammatic representation). To these the user supplies

(1) a list of "export industries" (i.e., industries for
which the domestic price is exogenous), which determines
the composition of m, and hence the components of
equations (lc) and (2Za) to be used ;

(ii) a complete list of (2g + h + n) endogenous variablesl -
for each vector it is possible to specify either the
entire vector or only selected components as endogenous ;

(iii) the combinations of exogenous and endogenous variables
for which impact elasticities are required.

In its present form the program does not use inputs of
exogenous variables. The initial aim is to determine elasticities. The
impact elasticities for the final (2g + h + n) endogenous variables are

1. As discussed in section 4, there are restrictions on the choice of

endogenous variables. For example, all components of Py and x

(4)
1

remaining in the final equations are necessarily exogenous. Also, by

the footnote on the first page of section 4, since most components of

x§4) are assumed always endogenous, most components of x{s) are

necessarily exogenous.
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obtained from the final system of equations and involve inversion of

a square matrix of dimension (2g + h + n).I The impact elasticities
for the eliminated variables are then obtained by back substitution in
the appropriate equations. The inverted matrix and the lists (i) and
{(ii) are saved. Thus, for the same selection of export industries and
endogenous variables, it is a simple matter to output impact elasticities
for other combinations of exogenous and endogenous variables should they

be required.

The computer program contains a further degree of flexibility
in that provision is made to add extra variables and equations to the
basic model described by equations (1) to (8). This is achieved by
appending a number of rows (equations) and columns (variables) to the
final matrix equation. The procedure is simplest if the new equation can
be used as it is without first having to eliminate any of the variables

that are always endogenous.

1. The matrix to be inverted consists of submatrices with strong diagonal
elements. These facilitate inversion. Thus exotic matrix inversion
packages are not necessary.
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Derivation of the Condensed Structural Equations of the CRANI Module
in Matrix Form

Equation 1 : Price of Capital Goods

Equation (5.4) from paper 0-01 can be written

(2)
4511 Pj1

=5
i
i~ 09

g
(2)
7 oaic! p. (5.4)
j=1 j2i Tj2

j=1

where i takes values 1 to g.
m is (the proportional change in) the price of capital

goods of type i (i=1 to g}.

pjl and ij are the prices of domestic and imported goods
of type j (j=1 to g).
a§22 is the share in the total cost of creating one unit of

capital for industry i which is accounted for by inputs

of good j from source s.

This is a differential form of the statement that the price of a unit of
capital good specific to a particular industry is equal to the sum of the
costs of the domestic and imported goods used in its creaticn. It assumes
that no primary factor or other costs are involved in the creation of
capital. The use of primary factors in the creation of capital is accounted
for via inputs from the construction industries.

Equation (5.4 )can be written in matrix form as

2 2
To= A§ ) py * Aé ) P, (1)

(2)

are the transposes of the matrices ajli and a

(2)
jei’

(2)
2

The last two matrices consist of shares derived from the investment columns

where Agz) and A

of the input output table. The flows are converted to shares of total
investment by dividing each element by its column total (the sum over both

domestic and imported inputs).

1. Throughout appendix 1, Dixon's paper on "The Theoretical Structure of the
ORANI Module'" (op. cit.) will be referred to as paper 0-01.
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Equation 2 Domestic Commodity Prices

Equation (5.3) of paper (-01 can be written

g g
_ (1) (1) (1)
Pi3 321 3511 Pj1 * jzl 3521 Pj2 " 2ge1)1i Prgsn)id
(1 (1) 1)
taginy2i %21 Y 3(ge)3i Pregen3i T P(gr2).i Y4
where p(g+1)1i is the cost of a unit of labour in industry i

je. the average (annual) wage in industry i
q; = p(g+1)21 is the annual rental value of a unit of
fixed capital used in industry i

is the annual rental value of a unit of land

p(g+l)31
used in industry i ;

Gy ° p(g+2).i is the annual cost to industry i of a unit
of "other costs of production' such as taxes,
subsidies, inventories and costs of holding
liquidity

a§iz is the share in the total cost of producing

good i which is accounted for by inputs of

type j and source s.

This equation is the differential form of the statement that

the domestic price of a domestically produced good equals the sum of the

costs involved in its production. The first two terms refer to the inputs

of domestically produced and imported goods, the next three refer to the inputs

of primary factors (wages, fixed capital and land), and the last allows for

other costs of production.
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The model allows the rental value of capital and the value of
“other costs" to vary independently from industry to industry. For the
remainder of this paper these two variables are represented by q25 and Ay 5
respectively.

In paper 0-01 it was assumed that there was only one type of

labour and that the wage rate was the same for all industries (see equation (6.3)

in appendix 4 of paper 0-01). This equation is now replaced by
: h
where S(g+1)1(2)j is the share of the total wage bill for

industry j that is accounted for by
occupation £
Qg = p(g+1)1(1) = p(g+1)1(2)j is the wage rate for

occupation £ which is assumed to be the

same for all industiies .
The new equation (6.3)is a differential form of the identity

(1)

S
P g+ 1)1(2)5 X(ge1)1(8)j

(g+1)1j X(g+1)1j B . which states

"~

P
;¢

that the total wage bill for an industry is the sum of the wage bills in
that industry for the different occupations.

In a similar manner equation(6.5)is replaced by

L

n
p(g+1}3j ) rzl s(g+1)3(r)j QGp (new 6.5)

where is the share of land rental costs in industry

S(g+1)3(r)]

j that is accounted for by land of type r ;
Az, = p(g+1)3(r) = p(g+l)3(r)j is the rental value of land
of type r which is assumed to be the same for

all industries -
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Equation (5.3)can now he written

: () P LNEY
Z 311 jl jzl j2i pj * E (g+1)1(2)1 Y
LD § (D (1)
2g+1)2i Y21 7 Z 2g+1)3(r)i Y3r T Y(ge2).1 Y4i
(l) - 2
 where | B+l 1()i - 2(g+l)1i S(gr)1(L)i
(1) _ (1)
and Bgr1)3(r)i - (gr1)3i S(gel)3(r)i

. (1) (1
This means that a(g+1)l(£)i and a(g+1)3(r)i are the shares of the total cost

of producing good i that are accounted for by wages in occupation ¢ and the

rental of land of type r.

Equation (5.3)can now be written in matrix form

1 1) 1 {1 1 1
py = Al e Al ) v agtle v apt) g, R (2)
The 6 matrices A%l) to Aél) are directly related to the 6 matrices in the

Intermediate Usage columns of the input output table. The flows in the
input output table are first converted to shares of total production costs

by dividing each element by its column total (the sum over all goods, primary

AD o 40D

to A6 are then the transposes of these six

factors and other costs).

total cost share matrices, except that Ail) and Aél) need to be converted

from vectors to diagonal matrices.
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Equation 3 : Investment

The investment equations from paper 0-01 can be written

-8y (k- )+ Q (apy - ™) F A 7 (4.8)
ki = (1—gi)nZi + g ii (4.9)
g
(m.+i) = 8 4.10
jzl ZJ("J+1J) ( )

The notation is considerably different from that used in paper 0-01.

Ny; I kj(t-1) is the capital stock available for use

throughout the current year

=
HE

ki(t) is the capital stock available for use

throughout the next year

ot
1}
<

is capital investment made in the current

year

g6 = 1 is the aggregate value of investment

A is the anticipated economy wide MEC for
the following year, where MEC is the
expected rate of return on an additional
unit of capital

z is the share in the total cost of investment
éccounted for by investment in industry i.
(These costs involve summation over both
domestic and imported inputs).

B8 is the elasticity of MEC with respect to the

level of capital stock
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Q. is the ratio of gross MEC (without allowance for
depreciation) to net MEC
g is a measure of the growth in the capital stock

of industry i

Equation @.8)is the fundamental investment equation. It is the condition
that after installation of new capital in the current year the anticipated
MEC in the following year will be the same for all industries. It is
assumed that the decision to invest in new capital is made at the beginning
of the éurrent year, but the new capital is not installed until'the end of
[
the curfent year. Equation(4.9)relates the change in capital stock over one
year to investment and depreciation. Equation (4.10)is the budgéet constraint
on total investment.
ki can be eliminated from equation (4.8)by means of equation

(4.9}, giving ;

%i8; (5 -~ 1j) + Qulay; - ) =, (A)

An expression for A is obtained by writing equation(A)as an

expression for ii and then substituting this into equation (4.10).

1 Q.Z ( ) o
A o= Tz, ., + g% z.n + £ qn.-",) - .
. 2 B.g. 2
: [Bz ) j 33 jodoed JgJ J
NS
1
Next substitute this expression for A into equation A and put bi = Bigi
i
and p =2 b, z, =&
After rearrangement of terms this gives
b Py by
i, = - =Tz, . . Q. L= m) - — .b.z. PR I PN 20
T Mt 5 R Mgy) v by Qg (ayy - ) - o T 4Pi% a5 S

b.
i

0
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This can be written in vector form as

i = G + G3 q2 * G4 n o+ Gs e (3}

2 M

where Gz, G3 and G4 are matrices of dimension g by g with elements in the

ith row and jth column given by

G... = I, -—3d |
2ij ij P
bi
Ggi5 = P53 Q I35 -5 Qb5 25 = By Q5 Gyys
biz.
G413 =T G313 T C T G3i] * G213 T i
b,

and GS is a vector of length g with elements —%

8;, Qi and g; are parameters which are estimated outside the
model. The shares z, are determined from the input-output table; bi

and p are formed from Bi’ 8; and z, .
N.B. For all elements of the G matrices to be finite it is
necessary that all bi be finite, which requires

Bi # 0 and g; # 0 for all i.
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Equation 4 : Household Consumption

Equation (3.17) from paper 0-01 can be written

c . (3.17)

L)

g
is "isj1 Pj1 * .z "isj2 Pj2 * Eis

j=1

II'M da

j=1

This is a differential form of the equation

XCS) = F,.(P.. ... P _; P C) which states that X§2}

is 1111 gt’ P12 0 Py

(z Cis in paper 0-01), the household consumption (physical quantity) of
good i from source s,is a function of domestic prices (le), import prices

‘(sz) and total consumption expenditure (C). n is the elasticity of

isjt
demand for good i from source s with respect to price pjt’ and € is the
expenditure elasticity of demand for good i from source s, 1i.e., elasti-

city of demand with respect to total household expenditure.

Equations (3.14), (3.15) and (3.16) of paper 0-01 relate the

elasticities n, , which distinguish between domestic (s=1) and imported

isjt
(s=2) sources of goods and between domestic (t=1) and import (t=2) prices,
to the "outside elasticities" nij where ne such distinctions are made. The

relationships can be summarized as

- (3)y <(3) _ (3)
Nisit (g5 * 135 08770 S50 - Iislge0s
where (3)
S is the share of the total expendiutre on good j which

jt
is accounted for by purchases from source t ;

oﬁs) is the elasticity of substitution between alternative

sources for household consumption of good i ;

nij is the elasticity of demand for good i (from all sources)
with respect to the price of good j (a weighted average

of domestic and import prices) .
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The expression for Nigs is derived in paper 0-01 by

Jjt
maximizing a generallized utility function subject to the budget con-
straint on aggregate household expenditure. It is assumed that substit-
ution between imported and domestic goods can be described by a CES
function.

The model at present is concerned only with household

consumption of domestically produced goods, s=1. Equation (3.17)can

now be written in matrix form as

(3) _
Xp 7 F M Pp My Py toec (4)
where Ny T {n + ;(3)) él - é(S)
- “(3)y <
and Ny, = (n + o) 82

For those industries where household consumption of both imports and

domestic goods is zero, the domestic shares SI are set equal to 1.0.

”ij’“ﬁs) and €, are parameters which are estimated outside

the model. As explained in paper 0-01, €1 = €52 = &~ The shares

S;i) are derived from the input output table.
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Equation 5, 6, 7 : Factor Demands

Equations (6.7), (6.8) and (6.9) of paper 0-01 are differential
forms of the equations which describe the balance between supply and
demand for each of labour, capital and land. In paper 0-01 it was
assumed that there was only one type of labour. Equation (6.7)is now

replaced by

2 (g+1)1(2)] (new 6.7)

which allows for h different types of labour (2 =1 to h), with demand

equalling supply in each occupation.

is the supply of labour in occupation 2

M

x(g+1)1(2)j is the demand in industry j for labour
of occupation ¢

ng is the share of all persons employed in

occupation £ which work in industry j.
g

Hence } L,. =1 .
j=1 1

Equation(6.7)is the diffegential form of the balance equation
for labour in each occupation, ﬂll ='Z X(g+1)1(2)j , where 1 and X are

j=1
measured in numbers of persons.

It is assumed that substitution between inputs of the three
primary factors can be described by CES production functions. However
;ithin the labour category it is also assumed that there is no substitution
between different occupations. The production technology for a given
industry requires fixed ratios between the numbers of workers in each
occupation. If the number of persons in occupation 2 of industry j incr-

eases by one percent then the number of persons in occupation m of industry j

also increases by one percent.
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This is expressed in the form of a new equation

Xgen)1(0)j T Ng+)1j (3.6(iii))

Similarly there is no substitution between types of land. This results
in another new equation

X .= X . 3.6(iv

(g41)3(0)j ~ X(g+1)3) (3-6(iv))

In the case of capital stock the question of substitution between
different types of capital does not arise because it is assumed that
there is one type of capital unique to each industry.

The criterion of cost minimization in production, together
with a CES production function, leads to the demand equations for

primary factor inputs

3
= - - (1) .
X(g+1)5j - xj Gj P(g+l)SJ SZI P(g+1)53 S(g"l)sj (3.6(11))

where Xj is the total output of industry j ;
a, 0(1) . is the elasticity of substitution between
J (g+1)3
primary factors ;
S(l) . is the share of the total primary factor costs
(g+1)s]
for industry j which is accounted for by primary
factor s.
The primary factors are labour (s=1), capital stock (s=2) and land (s=3).

Using equations (3.6(ii)) and (3.6(iii)) to replace X(g+1)1(£)j in equation

(6.7)gives
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g , 3 ,
_ - N (1
Mg © .El sz ["j %3 {p(g@)lj SZ Prg+1)si S(:%Jrl)si}]

Next use the new equations (6.3)and (6.5) (wage rate in occupation £ is the
same for all industries, and rental value of land type r is the same for

all industries) to obtain

h
= (1)
Mg © ? ng X5 - o ﬂ~£%g+1)1j)(£§1 S(g+1)1(z) a;,)
- g D n
s(g*l)zj qZj S(g+1)3j (rzl S(g-t-l)S(r)j qu)

The factor demand equations for capital stock and land can be derived in

a similar manner starting from

"25 T X(g+1)2 (6-8)
and a revised version of equation(é.g)which now allows for n different
types of land.

g
Ny, = jgl Rrj X(g+l)3(r)j (new 6.9)
where n2j is the supply of capital stock in
industry j ;
Ny, is the supply of land of type r ;
x(g+1)2j is the demand for capital of type j ;

‘ x(g+1)3(r)j is the demand for land of type r by

~ industry j ;
ri is the share of the land of type r which
g

is used in industry j ie. X Rrj =1
j=1
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The factor demand equations are derived from equations (6.8) and (6.9) by

making use of equations (3.6(ii)), (3.6(iv)), (6.3) and (6.5).

In matrix form the three factor demand equations are

A o~

nl Lx + La (S1 - I} H q1 + L a 82 q2 + La 53 N q3
N, Ix + o S1 H q; *+ « (82 - I) q, *+ a 83 N q,
ng Rx + R« S1 H q; + R o S2 q, + R a(S3 - I) N az
or
n,o= LO X + L1 q; + L2 q, * L3 5 {5
Ng = Ko X+ Kpa;+Kyq) K (6)
Ny = Nox*Npq+Nyq,+N;q (7)
where L is a matrix of dimensions h x g . Element Lﬂj is the share of
all persons employed in occupation £ which work in industry j.
Hence ? sz = 1.,
rj (dimensions nx g) is the share of all land of type r which is
used in industry j, i.e. IR . = 1 .
i v
H; p (dimentions g x h) is the share of total wages in industry i
that is accounted for by occupation £, i.e., & Hiﬁ =1,
2
Nir (dimensions g x n) is the share of total land rental costs

in industry i that is accounted for by land of type r,

i.e., I N. = 1.
r ir
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S are the shares of total primary factor costs

lj’ ZJ" 3j

in industry j that are accounted for by total
wages, rental of capital, and total costs of
renting land respectively. Théy are obtained

from the input-output table.

o is a vector estimated outside the model.

Equation 8 : Market Clearing

Equation (6.6) from paper 0-01 can be written

Total domestic output

g
(ry @@y . .
X5 jzl xilj Bilj ~ intermediate usage
@ @
1 x.;71 B;Y. usage in capital formation
j=1 ilj 11;
+ ng) Bgs) household consumption
il il
(4) o(4)
Xy Bil exports
+ x(s) B{s) other uses

il il



This equation is a differential form of the statement that
for each domestically produced good the supply (or total domestic output)

equals the demand (or sum of the uses). The B's are the shares of the

total domestic output going to the various users. x§f), xig) and xgi)

are equivalent to 10 €1 and fil as usedkln paper 0-01.

The criterion of cost minimization in domestic production,
subject to CES substitution between inputs of imported and domestic goods,

leads to demand equations for the input of domestically produced goods.

1y _ (1) (1) (1) (1) : -
xilj = xj - oij {pil {l - Silj}’ P;s SiZj} (3.6(i)) for s=1

Similarly, cost minimization in the formation of capital goods, under the
constraint of CES substitution between inputs of imported and domestic goods,

leads to demand equations for the input of domestically produced goods.

2y _ (2 (2) _e(2) (2} -
xilj xj - Gij {pil (1 Si}j) P;5 SiZj} (3.10) for s=1

oﬁ;) and UF?) are the elasticity of substitution between domestic and

imported inputs of good i for production of good j, and the formation of

capital of type j, respectively.

x(l) and x§2) (= Y51

i1 i1j in paper 0-01) are the demands for domestic goods i

j

in the production of good j and the formation’of capital of type j.

x§1) (= xj) is the total domestic output of good j, which is also equal to the
total usage of domestic good j.

2
x§“) (z ij = yj) is the total capital created in industry j, i.e., the total
(annual) capital investment in industry j.
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S§i§ is the share of the total cost of good i in the production of

good j that is accounted for by source s.

sy s oy

Hence, i1j 12

s 4 s

Similarly, for capital formation, i1 §2

Hence, (3.6(1)) and (3.10) can be written

M _ L (1) (1) )
Xi15 S %5 7 %5 Si25 Py - Pyp)
2y _ . _ (2) «(2) .
Xi15 % Y5 7 9550 Si25 Py - Pyp)

Substitution of these expressions for xgi; and x§$; into equation (6.6)
gives
SCY e (3) (), 44 (4) , 5(5) (5)
x; = D Bypyxp o+ LoBis i+ Byt xgt o« B xpl o+ By oxg)
j=1 j=1
: (1) (1) (1) (2) o(2) L(2)
jzl tog5” Si25 Birj * %5 Sizj Bi1j? (Pay - Pyo)
In matrix notation
where

(1) 2 p(1) (2 _ o(2) (3) _ 3(3) ,(4) -;(4) ,(5) _ 3(5)
B =B, B =B 7, 8 =B 7, 8 -~B1 » B = By

8(4) and 6(5)

are matrices of dimension g x g (6(3), are diagonal)

¥ 1is a diagonal matrix the elements of which are obtained by
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term by term multiplication of corresponding terms from three

matrices, followed by row summation,

(1) ¢o ()

Referring to the input-output table, 1 ;  are the flows in the

first g rows expressed as shares of the total outputs for these rows (the

sums over all users). The shares Sgég and Sggg are obtained from

the input-output table.

and cgg}
1]

ogﬁ) are parameters estimated outside the model.



