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MODELLING THE PRODUCTION SECTOR
OF AN ECONOMY :
A SELECTIVE SURVEY AND ANALYSIS

by

&
A. D. Woodland

Department of Economics
University of British Columbia

Introduction

The purpose of this paper is to present a selective survey of the
literature and a discussion of the issues involved in formulating a model
of the production sector of an economy and estiming the model. The survey
is not intended to be complete or comprehensive, since the emphasis is on
indicating ways of formulating and estimating models rather than detailing
the history of the development of the state of the art. Surveys have been
provided by Walters (1963), Nerlove (1967a, 1967b}, Solow (1967), Nadiri (1970},
and Kennedy and Thirwall (1972), Jorgenson (1971), Klein (1974), and
Diewert (1974b) on vaiious aspects of production functions.

In section 2 the theory of production is briefly presented and the impli-
cations of duality for the empirical estimation of the technology are
indicated. Duality theory increases the range of estimation models depending

on which variables are regarded as exogenous and which are regarded as endoge-

nous to the problem.

I wish to thank C. Blackorby, W. E. Diewert and C. A. Knox Lovell for many
helpful discussions on various parts of the analysis while absolving them
from any responsibility. This paper is based in part on work commissioned
by the Industries Assistance Commission, Australia. All opinions, errors
and omissions are the sole responsibility of the author.
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Section 3 is concerned with functional forms for production and
cost functions with special emphasis on the class of '"flexible" functional
forms which allow greater flexibility in modelling the substitution possibi-

lities among inputs and the scale effects relating inputs to outputs.

The problem of modelling technical change is taken up in Section 4.
We consider various restrictions which can be imposed on the nature of technical
change to yield an empirical model including the embodiment hypothesis and also

discuss endogenous theories and their empirical implications.

Section 5 is devoted to the adjustment of inputs to current prices
and output in a dynamic setting. Quantity adjustment models of the flexible
accelerator type are discussed within a cost of adjustment framework while

price expectations models are also considered. It is shown that there is

duality between such models.

The analyses of Sections 2-5 are brought together in Sectibn 6 to
consider the specification and estimation of an empirical model of the
Australian economy as outlined by Dixon (1975). Various possibilities are
suggested and the data and estimation requirements outlined. Finally, an
alternative approach to modelling the production sector is suggested in the

event that data requirements for the Dixon model are too severe.



Production Theory and Estimation

In this section we are concerned with the general approach to
the estimation of the transformation frontier relating feasible

inputs to outputs using observed data, economic theory, and statis-

tical methods.

The purpose is to briefly provide a description of the theoretical
model which forms the bhasis of amirical research and to indicate
various methods of estimation. The emphasis is on the approach to
estimation rather than the details of stochastic specification, esti-
mation technique, functional form and data construction. ﬁevertheless,
some of the implications for these of the general apnroach are
indicated.

We begin by heing general and then become more specific and
concrete by consideriﬁg a special case which is most popular inﬁ
applied research.

a) General Approach

The general approach is to assume the existence of a production
possibility set which contains all feasible input-output points given
the technology, that is, given a certain state of knowledge. The
boundary of this éet may be represented by the transformation frontier

tly) =0
where y is a vector of net outputs (plus if output, minus if input).
Fconomic theory imposes certain restrictions on the production
possibility set and hence upon the transformation'frontier t(y) = 0.
In reality we do not know t but do have observations Yyr cecer Yo
which refer to different points of time or different production units

or both. The problem is to use this empirical information to

d

estimate t.
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One crucial problem is that the state of knowledge may not be
constant over the observations. Wé‘either i) assume that it is constant
over the observations, raising the possibility of a misspecification of
the model underlying the ébservations, or ii) assume that the transfor-
mation frontier shifts in a particular way over the observations. We
consider this problem in detail in a later sectioﬁ. Here we ignore the
problem for simplicity, making assumption i). |

Assuming all cbservations come from a common transformation frontier
we can estimate that frontier in two ways. The first is to use a
nonparametric method developed by Farrell (1957) and further analysed
by Afriat (1972). This method has been used by Hanoch and Rothschild (1972),
Geiss (1971), Timmer (1971) and Aigner and Chu (1968). We do not consider this
TETICO furthér. The second approach is to postulate that the observations
were generated from the transformation frqntier but subject to random
disturbances. Given the éensity for the disturbances and an assumed

functional form for t the parameters of this functional form may be

estimated and statistical inferences made. The choice of density and
functicnal form impose restrictions on the model in order to make it
operational, that is make it feasible to ampirically estimate the frontier.
They necessarily force the researcher to trade-off between generality
of functional'form and' stochastic specification and simplicity of execution.
There does not seem to exist a consistent set of rules to guide the
researcher in his choice though, as Mundlak (1973) points out, the choice
depends to a large extent upon the use tb which the resﬁlts are to be
put. With these general observations in mind let us now consider various
alternative ways of estimating the technology.

«Rather than estimate the technology directly as suggested above
we might impose behavioral assumptions which indicate ﬁore precisely the

manner in which the observations on y were generated. These usually involve



the idea of economic choice and may take many forms. One class of behavioral
assumptions involves the maximization of a linear function Dy, over the

set of vy such that t{yigy2) = ( where Yy is a vector of choice variables,

Py is the corresponding price vector and Y, is a vector of fixed "variables".
The "profit" function

(2) g ,y,) = et {pyy; & tlyyy,) = 0}

1
is dual to the transformation frontier t in the sense that each may be
completely derived from knowledge of the other. Certain regularity
conditions are required, of course, leading to different duality theorems.
For a sampling of the literature on‘&uality see Shephard (1953, 1970),
Uzawa (1964) , Diewert (1971, 1974b), Lau (1969, 1972) and
Jorgenson and Lau (1974).

In particular, different thecrems apply depending upon the nature
of yland Y- If vy refers to a set of inputs then we refer to
H(pl,yz} as (the negative of) a cost function which may be a total cost function if
Yy refers to outputs only or a variable cost function if vy includes some fixed
factors. If y, refers to fixed inguta only then I(p;, ¥,) is called a variable
profit or gross profit function and if Y does not eﬁist then it is called a
profit function. If Yy includes only primary inputs I is a value added
function and if Yy includes only outputs it is called a revenue function.

The importance of the theory for our purposes is that, under cectain
reqularity conditions, Ii(p;,y,) and t{y;,v,) =0 are two equivalent
representations of the techﬁslogy,l Accordingly, if the behavioral
assunption underlying 1 is valid then we may use either representation
to estimate the ﬁechnologya To estimate t we,need.observations on v,

a functional fom for t and a stochastic specification. Te estimate II

we need observations on I, Py and Yyr @ functional form for U and a

stochastic specification.
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It should be noted that a functional form for I and a corresponding
stéchasﬁic specification imply the fﬁnctional form for t and its k
stochastic specifiéation and vice versa. That is, "self duality" where
“the prbfit function and transformation function belonq—to the same family
is the exception rather than the rule.

Mnother theoretical result with émpiricallimplications is that the
optimal choice for Y1 and the shadow prices for y, may be derived from
a differentiable profit function as

(3) yy =91 (pl,yz)/‘apl

4) p,= BH(pl,yzi/ayz-
Since the function H(pl,yzj is linear homogeneocus in p; it is evident
that the net supply functions (3) completely characﬁerize the profit
function. To show this we note that the profit functi&n may be derived
from the net supply functions using Euler's theorem on homogeneous
functions. ‘ | '

(5) py WPy ,¥,)/0py = TPy ,y,).

A third way of éstimating fhe technology, therefore, is to estimate
(3). Tt should be noted that (3) involves the same behavioral assumption
as contained in (2), including the assumption that yz,is fixed. The
net supply function (3) may be estimated given observations on Yy rYqr and Py
together with a functional form fof 1 and a stochastic specification.

If H(pl’YZ) is linear homogeneous in Yy and we observe the shadow
prices p, for Yos @8 in a constant returns to scale economy with a
competitive market for the fixed inputs Yy for example, then we may
estimate the technology by estimating the shadow price functions (4)
since, again using Euler's theorem, the profit function may be obtained
from (4) as

(6) 'y, 57{py1¥,) /8y, = Ry ayy) .



A fifth approach using the same behavioral assumptions underlying (2)
is to estimate the first-order conditions for the maximization involved
in (2). The first order conditions are, after eliminating the Lagrange
maltiplier,

(7) py/pyyy = 3ty ayy)/oyy ¢ (Elyy v, /oy Dy -

If we add the market equilibrium condition that the market for Y1 clears

and the demand for (supply of) vy is fixed, then if t is an industry
transformation frontier, y, may be taken as fixed and D, as the endogenous
price vector. Thus, given observations on fixed quantities ¥y and Yy

and an endogenous pricz vector Py s we may estimate (7).

If this additional assumption is not made then (7) may be solved,
in principle, for y; @s 2 function of pl and yZ; But in préctice this
may be difficult.,or impossible so that the derivation of (3) from I is
obviously to be preferred. Thus duality theory enables us to easily
obtain supply and demand functions consistent with the theory simply by
specifying a valid functional form for I and differentiating’with respect
to the price vector. This point has been emphasized by Diewert (1971, 1974b)
and Lau (1974).

The foregoing indicates that there are many approaches to the
estimation of the technolbgy or the part of it that one is interested in,
each one requiring a special stochastic specification, a special
functional form and different data. Each has been used in empirical
work. Direct estimation of the transformation function was first
undertaken by Cobb and Douglas (1928) while Nerlove (1963) appears to be
toe first to estimate the cost function. The factor demand functions

approach was used by Arrow et al. (1961) while Klein (1953) suggested

the factor shares approach.



b) Production and Cost Functions

While the analysis of the preceeding subsection was cast in general
terms to emphasize the basic structure of theory based upon maximizing
behavior, this subsection will be devoted o a specific case where the
firm minimizes the input cost subject to producing a given single output.
This is done to make clearer the various ways we can estimate the technology
in a context that is most often used by applied researchers.

The firm is assumed to have a production function

8) y = f(x)
relating output y to the vector of inputs x = (xl, ,..,XN) > 0.2 The
function f is assumed to be a non negative, quasi-concave, nondecreasing
continuous function defined ovér the non-negative orthant. The cost
function is

(9) Qiw,y) =min {wx: £(x) >y }.
% _

Diewert (1971), for example, has shown that under the assumptions on f(x)
the cost function ¢ (w,y) is a non-negative, continuous function defined
over the positive price orthant (it can be extended over the whole non-

negative orthant). In addition it is concave and nondecreasing inw and

, . . . 3
nondecreasing in y. Furthermore, given C we may reconstruct £.” Thus -

the cost and production functions are dual in the sense that each maY'be
derived from the other. Moreover, given QQZ.valid functional form for C
we can derive, in p;inciple, the production-functiqn which yieldsvc as
its cost function. There is no loss of information or generality in
using the cost function as the point of departure for empirical fesearch
(or theoretical research).

If C(w,y) is differentiable in w then the factor demand functions

ccincide with the partial derivatives of ¢ with respect to the factor

prices, a result due to Shephard (1953):



(10) X; = Ci(w,y) z ?}C(w,y}/awi i= 1,...,N.

I'f we define $; = wixi/§ w.x. as the share of factor i in the cost of
production the share eqiations may be obtained from (10) or, writing
the cost function in log form, as

(11) 5, = 91n(3[w,y)/b‘1nwi z Si(w,y} i=1, ...,N.

We now consider alternative ways of estimating the technology:

A. We may attempt to estimate the parameters of the production
function £ directly if we have sample data on input quantities and output.
Usually a disturbance term is appended to (8) in either additive or
multiplicative form and it is assumed that x is independent of this
disturbance. There are several disadvantages to estimating (8). First,
it 1s unlikely that x will be independent of the disturbance particularly
if the inputs are chosen by the firm. Secan&, multicollinearity is likely
to be a problem especially with time series data and more than two inputs.
If one is interested in the curvature of f then the associated parameters
may therefore be estimated with large standard errors. Third, although
price déta and behavioural assumptions do not appear to be required they
are usually needed to construct indices of input quantities since
aggregation 1s usually mandatory. See Jorgenson and Griliches (1967), for
example. Fourth, if cost minimization does take place we are not using
full information unless we model such behavior.

B. If we have sample data on input prices, output and the cost of
production we may estimaﬁe the cost function assuming, of course, cost
minimization. At least for ''small" industries the assumption that w is
independent of the disturbance may be reasonable since the industry may
regard w as given to it by market forces beyond its control. As with
estimation of f(x), estimation of C(w,y) may suffer from collinearity among
factor prices and so the parameters may have large standard errors. Also,

it remains true that all information is not being used if in fact data on
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input quantities are available.

The main differences between estimating the cost function and estimating
the production function are the data used, and the assumptions regarding
how the data were generated.

C. If we have data on output, input prices and quantities of
inputs then the factor demand functions (10) or perhaps some transformation
of them, say the facfor share functions (11), may be estimated. Other
transformations‘of (10) may of course be used as estimating equations. For
example, we might wish to divide (10) by output y and to get input-output
coefficients xi/y as dependent variables, or we might estimate ratios of
the factor demand functions, or we might estimate expenditure equations
by multiplying (10) by W, . However, rather than consider all possibilities
we concentrate here upon the estimation of (10) and (11).

It is clear that (10) and (Q)Vare equivalent representations of the
technology since (10) is obviously derived from (8) and since (9) may be
constructed from (10) using Euler's theorem on homogeneous functions.
Suppose we add disturbances us (i=1,...,N) to the demand equations (10)
to represént errors in cost minimization. Then, since the x; are jointly
chosen to minimize input costé, the errors in minimization should be
jointly distributed. ‘That is, the disturbance Uy in equation 1 has a
density which depends upon the disturbance Pj in equation j. If we can
reasonably assume that w and y are independent of these disturbances then

S8ICT

the factor demand functions may be estimated as a multi-variate regressicn
model with jointly distributed disturbances. Thus estimation of the

factor demand functions requires more sophisticated technique than estimation
of the production function or cost function which are single equation models.
~The gain,_however, is that more information is used'hopefully enabling

"better' estimation of the parameters. And nowadays the computational burden

13 not prohibitive nor even a major concern if the demand functions are linear
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and the disturbances are distributed normally, since there are efficient
programs available for the solution of such problems, for example, Chow and
Fair (1971).

D, If data on input shares, input prices and output are available
then the share equations (11) may be estimated. The share equation approach

. .
heternsie-

hy

may be attractive for two reasons. First, to avoid problems o

R

dasticity when assuming a normal distribution for the parameters it i

%3}

often convenient to assume that the shares are distributed normally with
constant variances (and covariances) since scale effects are then taken
into account. Indeed, this is why input output coefficients might be
estimated rather than (9). Second, if the underlying production function

nomothetic the shares are independent of the level of output meaning

n

y does not appear in (11). Then without data on output estimation of
the technology may still be undertaken by estimating the share equations.
Obviously, scale effects cannot be so estimated but the representative
isoquant can be estimated; if interest centres on the substitution
possibilities and not upon scale effects then there is no loss by
estimating the share equations. That some information is lost by the
share equations is cvident since the cost function cannot be constructed
from the share equations.

This observation may be very important not only when data on y are
not available but when y is intrinsically a non-observable concept. For
example, the formulation of the industry production function proposed by
Dixon (1975) involves such non-observable concepts. This formulation is
that industry output is a fixed coefficient function of various inputs
some of which are aggregates of more basic inputs. In generai,terms

we have that that the production function is weakly separable in a group

of inputs X5-
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(12) y = £(x,,805)).
Since the number of inputs is large (they include intermediates) estimation
of f using the methods outlined above may not be feasible. However, even
though g(xzj is not observed we may estimate most of the parameters of g
using the share technique if g(xz] is linear homogeneous. For example,
x, may include the primary resources so g(xz) is linear homogeneous. For
example, x, may include the primary resources so g[xz) is real value added
which is not observable. This approach has been suggested by Arrow (1972
and used extensively by, for exampie, Burgess (1974a, 1974b), Berndt and
Christensen (1973a, 1973b) and others. To relate (12) to the above

approach using cost functions we note that the cost function is separable

in prices if the production function is (12) with g(xz) linear homogeneous

1

(&

fl ) C {Wl :wz >Y) = C¥ (wl 9h(wz} :Y)
where h(wz) = min {WZXZ: ngz) > 1} is a unit cost function. The

parameters of g may be estimated by estimating h(wz) or the share equations

s., = 3ln h(wz)/aln Wi i=1,....,N.

i2
When share equations are estimated, account has to be taken of the

fact that they are dependent and sum identically to unity. Thus, if

b
‘.'
.t

disturbances u; are added to the share equations (11) their sum leui )
which implies that the joint density function over (ul,.._,uN) i;
cormpletely represented by the density function over (uz,....,uN). Thus one
zcuation may be (must be, using most algorithms) dropped and the remaining
N-1 equations estimated as an ordinary multivariate regression model.
Maximum likelihood estimates will obviously be independent of the equation
dropped so any one may be dropped. This adding-up property highlights the
jointness of the disturbances; they cannot be independent.

In addition to the joint dependence of the disturbances, another

~reason why joint estimation of the demand or share equations 1is required

is that the same parameters will appear in different equations. If these
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crst—equation parameter restrictions were ignored the estimated demand
or share functions would not integrate into a unique cost function.

One final note on the share equation approach. If all parameters
of the cost function are required then the cost function itself must
be -estimated along with the share equations and, of course, this requires
observations on output.

E. Methods B,C and D require that w and y be the exogenous
variables. However, if in the industry in question the input quantities
are fixed along with output then it is the shadow price vector w for
inputs which is endogendus. Assuming cost minimization by competitive
firms within the industry we get the following inverse share equations

from the production function

(4) sy =05 et ax./n x, £/, = SF. ()
%ijxj 1%+ i’ S
If data on inputjquantities and prices are available then estimation of

(14) may proceed in the same manner as the estimation of (11). Again,
to estimate all the parameters of f(x) the production fumction would
have to be estimated along with these share equations.

F. There is one other method for estimating the parameters of
the production function (indirectly) when output data are not available.
This approach suggested by Diewert (1973, pp. 6-8) is to estimate the
parameters of the reciprocal indirect production function

(15) gw/M) = miﬁ {1/£(x) : wx < M}
X

which is dual to the production function f(x). Using Roy's Identity
we get the input demand functions

(6] . = 2elV)/ov; i=1,....,N
% viagfv)/avj '

] A , )
where v. = wj/M and M= ijxj is the cost of production. Given observations

on x; and w; (hence M), a stochastic specification and a functional form
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for g(v) we can estimate its parameters by estimating (16). If M is

given exogenously, as perhaps withva public utility with fixed budget,

then estimation of (16) as a multivariate regression model proceeds

smoothly. If M is endogenous however the estimation must take its dependence
upon the xi's and hence upon the disturbances into account. This

nontrivial complication added to the fact that (16) will be generally

nonlinear in parameters makes this approach dominated by the share approach

considered above.
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Functional Forms

a) General Comments. The analysis of section 2 was general in that

no special assumptions were made about the functional forms used for
the production, cost, demand or share equations. In this section
we review various functional forms which may he used in eﬁpirical
research. ’

The choice of functional form should depend on two properties.
First, the functional form should be capable of representing a
wide range of technologies in order to minimize the pribr assump~—
tions imposed on the estimating equations. Second, the functional
form should be tractable within the assumptions of the model. That
is, the estinating equations should be simple enough to carry out |
the estimation with minimal computational burden and with ease of
interpretation. In reality any choice is a compromise between these
two objectives and such a choice must be based upon value judgements
in general.

It is with respect to the first criterion that simple functional
forms for production and cost functions such as the Cobb~Douglas (CD},
Leontief (L), and constant elasticity of substitution (CES) forms
are dominated by more general forms such as thé flexible functional
forms to be discussed in detail below. For example, it is well known
that the Cobb-Douglas production function has a Hicks-Allen elasticity
of substitution (AES) which is unity for all input pairs and under
cost minimization implies that factor shares are constant. Since
the substitution elasticities are measures of curvature around an
isoquént it is evident that the éhape of the isoquant is sev%rly
restricted by assuming aACobb~Douglas function. This is highiighted
by the implication that shares are constant. . The apparent succesé of

the (D function in applied work seems to be due to two reasons.
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First, using aggregated time series the direct estimation of the CD
function is reasonable since the substitution effects are not well identified
by the highly collinear data. Second, Fisher (1969) arques that the
constancy of factor shares of labour and capital in aggregate data fits

the CD hypothesis. This does not necessarily mean that there exists an
aggregate CD product:;on (or cost) function but that we have vet to explain
this constancy.

The CES function permits the AES to deviate from unity but does
require it to be constant by construction. The CES function thus generalizes
the CD and Leontief (L) functions which assume a common constant elasticity
of substitution which is unity and zero respectively. Since the cost

function for a CES production function belongs to the same family of

functions (means of orxder -b), that is they are self-dual, we may illustrate

the function by examining the cost function which is

_ 1/ N b -1/
1) CG,y) =y /x {rx aw. } b _ Yl/r c{w) r>0
. ii
i=1
a,> 0, b>1
l:

In this expression r denotes the degree of hamgeneity of the production
function and b = 1-0 where ¢ is the common constant substitution elasticity.
The factor demand functions are .

l — ’ .
(2) Ci(w,y) =y /r a_iw__l.uO cw)® i=l,...,N

If 0=0 and r=1 then the demand functions are a;y which imply the fixed
coefficient mdel of Ieontief; if o=1 then factor ’shares are a, which

implies the Cobb-Douglas function.

The CES function by definition is restrictive in the nature

of substitution permitted. In particular, all factors are "equally
substitutable" with each other, a restriction which has no theoretical
justification but which simplifies the empirical work considerably. If

there are just 2 inputs then this restriction may not be very hard to
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take since it simply means that the single cross elasticity of substitution
is constant. But to extend the constancy to a multi-factor technology and
assume that the AES between electricity and machines is the same as

between unskilled labour and materials, for example, seems to be unrea~
sonable until verified empirically. Even with two inputs one may not

wish to assume that the AES remains constant around the isoquant. We

conclude therefore that a priori the CES function is restrictive in that

it restricts the elasticities of subétitution {a) to be constant, and
(b} to be the same constant for every pair of inputs. Such restrictions
should be tested not imposed a priori.

The L and CD functional forms being special cases are even
more restrictive in that they specify a priori that the common AES is
zero and unity respectively. Clearly, the discovery of the CES functional
form provided a significant advance in applied production work in permitting
the estimation of the elasticity of substitution. However important
that advance it is of limited comfort in the empirical estimation of
multiple input production functions.

Another feature of the CES function is that it is additive as
illustrated by the basic CES form given by c(w) in (1). This special
form of separability is not independent of the constancy of the AES
since Berndt and Christensen (1973c) and Russell (1975) have shown that homo-
thetic weak separability is equivalent to having certain sets of AES equal.
Accordingly, not only should a functional form Bave variable AES but homothetic
weak separability should be avoided since it does impose certain equality
restrictions which ﬁay not be desirable. As Mundlak (1973) points out-
separability should be put to an empirical test before it is imposed
on fhe model. Unfortunately, it is difficult to construct a tractable

functional form which may be used to successfully test for separability.
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Given the a priori ?reswnption aﬁainst the CES form because it
implies that (a) the AES are all constant,- (b) the AES are the same for
all pairs of inputs and (c) the function is additive, there has been
considerable effort made to obtain less restrictive functional forms.

One obvious approach is to make the common AES ¢ a function of some

variable such as the level of ocutput or the factor ratio or factor share

etc. Such generalizations have been called Variable Elasticity of

Substitution (VES) functions and have been discussed by Revankar (1971),

Lee and Fletcher (1968), Sato and Hoffman (1968) and Iovell (1968, 1973a, 1973b).

A recent spurt of functional forms owes its origin to Diewert (1971)
who generated a functional form that is linear in parameters and which
provides a second order approximation to any arbitrary twice different-
able function. The Generalized lLeontief (GL) functional form, so called
because when used as a cost function yields the Leontief cost function
as a special case, was quickly followed by the translog (TL) functional
form developed by Christensen, Jorgenson and Iau (1971),and Sargan (1971),
the Generalized Cobb-Douglas (GCD) developed by Diewert (1973) and
a geheralization of GL by Derny (1974) and Kadiyala (1972).

In addition Diewert has developed functional forms for speciél functions
such as revenue and variable profit functions as well as indirect utility
functions and indirect production functions. It is to a consideration

of these flexible functional forms that we now turn.
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b) Functional Forms Flexible in Prices

We concentrate attention on functional forms for cost functions
since it is unlikely that the production function approach will be
useful at the industry level of disaggregation. In this subsection
attention is focussed on functional forms which are flexible in the

sense of providing second order approximations in input prices to an

arbitrary continuously differentiable cost function. In the following
subsection we direct attention to the output or scale effects, but

in this subsection we assume constant returns te scale to highlight
the differences between functional forms in their ability to describe

a wide range of substitution possibilities for a multi~input techno-

logy.
Consider the following unit (ocutput) cost functions:
N N
- 1
(3) GL cw =1 £ b.. wil/Z w. /2 - b,. = b.,
i=1 §=1 1] J 13 Jx
N N N N
(4) GCD  1In c(wy=b + T T b,. Inbw.+w.)  b,.=b.., Z I  b..
oo i=l =1 ij i ij BERE) 5=1 ij
N ’ N N
(5) TL Inclw=b_ _+1 Db .Inw. +1/22% ¢ b,.Inw, Inw,
o 4 ol i i=1 =1 ij i 3

.=b.., b . =1,
ij T3’ ol

r b,.=0 i=1,...,N
j=1
The first two functional forms are due to Diewert (1871, 1973) arnd the
third is due to Christensen et al. (1971). We will refer to these as the
Generalized Ieontief (GL), Generalized Cobb~Douglas (GCD) and the
transcendental logarithmic or translog (IL) forms. Each unit cost
function is linear homogeneous in prices as theory requires. Diewert
has shown that GL and GCD are nondecreasing concave functions if the

b.. are non-negative while GL is positive if some bij>0 as well and

J
GCD is positive if boo> ~», Thus under certain parameter restrictions
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the GL and GCD functional formms satisfy all of the conditions required of

a cost function. The TL form satisfiés all these conditions globally only

if biij i,3=1,...,N in which case it reduces to a Cobb-Douglas function.

Nevertheless, for applied work, while global reqularity may be desirable

it is not essential since it usually suffices that the function be

reqular (satisfies the required conditions) in the subset of the sample

space that isvempirically relevant. Most researchers simply check

whether the estimated function is regular at each of the sample points.
Each of these functional forms is capable of providing a second order

approximation in prices to an arbitrary continuously differentiable

cost function. It is this property which has suggested the term

"flexible functional form" and which distinguishes this class of functions

from other "generalized" functional forms. If we have an arbitrary cost

function c* (w) with first and second order partial derivatives c*i(w*) and

Cij (w*) at a point w* then there exists a GL, GCD and a TL cost function

c(w) such that the first and second derivatives at w* coincide with

those of c*. That is, there is a choice of parameters for each of

the functional forms such that

(6) clw*) = c*(w*), ci(w*) = cz(w*) and cij(w*) = c;j (w*) all i,3.

Since the AES may be expressed in terms of the first and second partial

derivatives of the cost function, as shown by Uzawa (1962),

(7) oij(w) = c(w) cij(w) /ci(w) cjﬁﬂ) all i,3

it follows that there exists GL, GCD and TL cost functions which will
accurately reproduce any matrix of AES at the point of approximation.
It is in this sense that flexible functional forms are capable of
modelling a wide range of technologies.

Each functional form ﬁas N(N+1)/2 free parameters which is enough

to provide a secohd order approximation to an arbitrary differentiable

unit cost function.
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There are two distinct approaches to the use of flexible functional
forms., First, one can choose a form from this family, assume that the
true cost function has this form, and then estimate its parameters.
Second, one can choose a form from thig fawily, assume that the true cost
function has unknown form, and thﬁé estimate the second order approxima-
tion to the unknown production function. Presumably the stochastic
specification should take écc&unt of truly random disturbances and
the unknown approximation error. In the ensuing analysis the former
approach is assumed.

One of the important implications of the development of flexible
functional forms is that the problem of choosing a functional form
is simplified. By definition any flewible functicnal form is capable
of a second order approximation so any form from this family may be
chosen. OFf course there may be other differences which are important:
estimation procedures, ability to model the technology over a wide
range of data, etc.

Tt was suggested above that if data is available the input demand
functions or share functions should be estimated. While each of the
functional forms considered here are linear in parameters facilitating
estimation of the cost function, they differ when it comes to estimating
demand and share ecuations. The GL function yields, by Shephard's (1953)

Lemma, the demand functionsg

}\1 l/‘f} - l/
8) oL c.lw =% b..w'*% w ‘2 i=1,...,N
i PRSI i

which are linear in parameters, permitting estimation using multivariate
linear regression for which efficient algorithms for maximum likelihood or
two—-stage Zellnerv{l962) estimation exist. The share functions are ratios of
terms each linear in parameters and therefore reqﬁixe a‘glightiy more
sophisticated estimation technique. The GCD and TL forms, on the other

hand, vield linear share equations
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9 b s =S 2% b w e T i=1,...,N
L "*—"C—W :]=l 13 1 1 ]
N
(10) L, s. w) = .+ I b..Inw, i=l,...,N
i oi 5=1 ij 3

but yield nonlinear (ratios of linear terms) demand functions. Thus the
choice of functional form effectively narrows depending upon whether one
wishes to estimate share or demand equations.

The GL cost function reduces to a linear function in factor prices if
bij=0 i;-"j which implies ﬁhat input-output coefficients (8) are fixed, independent
of factor priceé. Thus the Leontief production function may be tested by
testing these parameter restrictions. Both GCD and TL reduce to a
Cobb-Douglas cost function under certain parameter restrictions, for GCD
. these are bij=0 i#j and for TL they are bij=0 i,j=l’,.. . /N.

A more general functional form pemitting a wider range of special
céses has been provided by Denny (1972)and Kadiyala (1972):

N N r r
/2 W, /2}1/3:‘ b

(11) cw) = {r ¢ bij A 5 ijzbji

i=1 j=1
This reduces to GL when r=1 and to the CES form when bij———D i#j which
in turn reduces to the CD and L forms as limiting cases. However, the
share and demand functions are nonlinear in parameters reducing its

attractiveness somewhat.
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Output and Returns to Scale

A common assumption in theoretical and empirical research is
that the production function is linear homogeneous meaning that there
are constant returns to scale. The justification for this assumption
at the industry level is that in the long run a perfectly competitive
industry with price taking firms and free entry and exit will be able
to produce any output simply by doubling all inputs. Thus average
cost is constant over all output levels. Since free entry and addi-
tivity of production by fimms (absense of externalities) imply
nordecreasing returns to scale for the industry (Debreu (1959,p.41))
we must also assume that firms face nonincreasing returns to scale
technologies to get that the industry production function has
constan£ returns to scale. If these assumptions are appropriate
then constant returns to scale may be imposed a priori on the
estimation model. The cost function is Clw,y) = v clw) where
c{w) is a unit cost function for which functional forms were presented
above,

Scale effects at the industry level may occur if externalities
related to industry output are present or if entry and exit are not
free within the period and firm production functions are not.linearly
homogeneous. The second point is relevant to industries which have
few firms. It is also relevant to the guestion of whether a
production function has (decreasing) "scale" effects because the
scale effects are genuinely decreasing or because some ignored
factor is fixed. In these ciréumstances, in the absence of a specific
model of the structure of the industry, it may be desirable to

allow for non~constant returns to scale.

Homothetic production functions are those that may be written
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as
(12)  y=£(x =Fh&)
where h(x) is a linear homogeneous function and F is a positive increasing
function. It is readily shown that the cost function factors as
(13) Clw,y) = gly) clw)
where qEF—l is assumed to exist. The function g(y) = yS is a l-parameter
representation which yields B as the constant elasticity of cost with
respect to output, a representation implicitly used in CD and CES produc-
tioh function models. Zellner and Revankar (1969) and Lovell (1973c) use the
notion of a returns to scale function (elasticity of cost with respect to output in
our context) which depends upen the output level to generate a class
of functional forms for g(y). The returns to scale function they suggest
is
(14) rly) = a(l+ey) > 00
which reduces to r(y) = a if B=O4

To provide a second order approximation to C*(w,y)=g*(y) c*(w)
we require an extra 2 parameters in addition to those used to provide a
secord order approximation to c*(w). Thus the Zellner-Revankar returns
to scale function will in general provide such an approximation. ZAnother
candidate is
(15)  gly) = atysby-.
However, for cases (14) and (15) the demand functions will turn out to
be nonlinear in parameters in general.

We now consider second order approximations to an arbitrary differen-
tiable cost function C(w,y) which is not necessarily homothetic. Our
choice is certainly not complete; we simply indicate forms which are
convenient. The choice is restricted to fomms linear in parameters arnd

to forms which respect the homogeneity of C with respect to w. Consider
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the following forms:

(16) GL Clw,y) =y L I b..w 1/2 W 1/2 + 22 b .w, + b Iw b..=b
eyl Yij i3 i YT T e 15051

(17) GCD InClw,y)=b_+

- z bi.ln(wifwi) + 1ny i byilnwi + boyiny + byylnylny

i j J

.

b,.=b,., £ £ b,.=1, £ b =0
S I L .

ot

=hb + Z . o ) . . ; YAy W,
(18) TL  InC(w,v) 00 : bOllnwl - 1/2 i § bij}nwllﬁw] + 1lny ;gyibT 5

b Iny + b 9
oy Y T Pyytny by

b..=b.., Zb . =1, 2 b..=0, 2 b =0.
I :

Clearly these forms use (3)-(5) as their basis with additional terms
tr attain a second order approximation in output and prices. Each has
¥ o= (1) /2 + Ml free parameters which is enough to provide a second
order approximation to an arbitrary differentiable cost function. This
compares with N(N+1)/2 required for a unit cost function {(or one linearly
homogeneous in y) and N(N+1)/2 + 2 for a cost function for a homothetic
production function. Thus an extra N-1 parameters are required for non-
homotheticity.

The demand functions for GL and the share eguations for GCD and TL

are linear in parameters (as ave the cost functions or their log):

71 T s e l/ } e
(19) G C 6ny) =y § by {1y /) /2 + yb; + b, i=1,...,N
(20) ¢CD 8. lw,y) =2 b,.w. (w,+u )»l + 1ny b i=1 N
s wey) = g 1574 iifj y i i=1,...,1
oy Lol vz T\
(21) TL Si(w,y} g bij lnwj + Iny byi + boi i=l,...,N

thus facilitating estimation.

These forms permit various tests regarding the output effects. For
.éXample, in both GCD and TL homotheticity may be imposed by requiring in:O
i=l,...,N-1 (implying that b yN=0), If, in addition, byy=0 then homogeneity of arbi-
trary degree l/bOy is imposed. Linear homogeneity in output is attained by further

requiring that hbyzl, Thus this formulation is rich in testable hypotheses.
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The GL formulation in (19) is not so rich since it is only possible to
impose hombtheticity without imposing linear homogeneity if we give up
the second order approximation in prices. If all bOi = 0 and boo = 0 we
have imposed linear homogeneity; if all bij = ( and boozo then we have
imposed hamogeneity of dééree 1/2 with a unit cost function linear in
prices (Leontief).

d) Other Functional Forms

A major problem with flexible functional forms is that the number

of parameters K increases rapidly as the number of inputs increases.

In general, we require K = (N§+N) + N + 1 parameters to provide a

second order approximation to a cost function C(w,y) where N is the number
of inputs. If, as occurs inevitably with time series data, the number

of sample observations is limited then a problem develops. If we are
commitfed to N inputs(the Hické or Leontief conditions for aggregation

are not met, say) then there are two approaches to the parameter problem.
First, one can impose constraints on the parameters of a flexible
functional form. The difficulty is in deciding what constraints to impose
since any constraint reduces the flexibility of the functional form in

a specific way. Oﬁe might set certain parameters equal to zero (or some
other constant) or impose separability conditions to reduce the number

of free parameters. As a second approach we might abandon the flexible
functional form and generate another functional form according to some
other principle. For example, Mukurji (1963) and Goxman (1965) and Hanoch
generate a producﬁion function in which the ratios of AES are constants, a
generalization of the CES functional form. In this class are the variable
elasticity of substitution functions already mentioned above. In an

interesting paper, Hanoch (1975) uses the concept of direct and indirect

implicit additivity to generate functional forms. He defines the reciprocal

indirect production function g{w/M) to be implicitly additive if it can

be written
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N
(22)  G(z,y) = i?.:l G, (z,,y) =D
where vy is output and ziEw&/M where M is the cost of production. Inter-
preting z as a vector of inputs we have the direct definition of implicit
additivity. Under special functional form restrictions Hanoch derives
forms which generalize the functions developed by Mukurji and Gorman
and develops a new class of functions in which differences in AES are
constant. These forms have fewer than 3N parameters. Finally, Mundlak (1973)
reviews the functional fomm literature and suggests that non separable
functional forms with 2n+2 parameters may be generated as £(x) = g(x)* hx)
where * denotes an operation and g(x) and h(x) may be simple additive

forms. A form in which the log of f£(x) is the product of two loglinear

forms is suggested but this form does not appear to be very useful.
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Technical Change

a) General Comments

Perhaps the most difficult problem in applied production aﬁalysis
is‘that of distinguishing movements along the production function from
movéments from one production function to another. Suppose we observe
that the input-output voint moves from (x(1), y(1)) to (x(2), y(2)) from one
period to the next. If y(1) =y(2), is the movement from x(1) to x(2) a
movement along the isoquant of a given production function (substitution)
or a movement fram one production function to another (technical
change)? If x(2) = xx(1), »»0, is the movement from one isoquant to
another along the same production function (scale effect) or a move-
ment from one production function to another (technical change)? In
general it is difficult if not impossible to separate the effects of
scale and substitution from technical change. To distinguish these
effects in practice requires considerable structure to be imposed on
the estimating procedure.5

In this section technical change is examined from the point of
view of the researcher interested in formulating a model of the produc-
tion sector. General surveys have been provided by Nadiri (1970) arnc
Kennedy and ThirWall (1972) . We first consider restrictions on the
way in which technical change enters the production function,
including special emphasis on the embodiedment hypothesis, and then
consider models of endogenous technical change. While interest centres
on empirical specifications these can only be derived and evaluated

within a theoretical framework.

b) Restrictions on the Form of Technical Change

Technicai change involves the shifting of the instantaneous

production function so that the full production function may be
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written as

flx,a) ory =glx,t)

il

(1) b4
where a 1s a vector of knowledge. The second representation assumes we
know the time path a(t) for knowledge. We need to be more specific about
how a or t enter the production function if we are to undertake empirical
work: saying that sg/st > 0, for example, does not restrict the functional
form sufficiently. In this section we examine various types of restrictions
which may be imposed on the nature of technical change. It should be
roted that most are not derived from any solid theory of technical change.
Pather they provide convenient characterizations.

i) Neutrality A particular type of neutrality occurs when a special
function or relationship is independent of technical change. For example,
if the marginal rate of substitution between sach pair of inputs is
independent of technical chénge then the technical change is said to be

Hicks neutral (HN) according to the definition used by Blackorby, ILovell

and Thursby (1975). This is equivalent to saying that the inputs form
a weakly separable group, that is that
(2) y=fhx,a) or y =ghX,t).
If, in addition production is input homothetic, the production function
may be written
(3) y = A(t) hix)
where A(t) = Ala(t)) is an index of technical change. Thus homotheticity
and HN imply severe restrictions on the production function which may be
taken into account and even tested in empirical work.

Most empirical work on production functions assumes the existence
of Hicks neutral technical change. .In combination with the homotheticity
assumption it implies that factor shares and factor ratios. are independent
of technical change and so, if interest centres on these relations betwéen

inputs technical change may be ignored in the estimating procedure. -
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This holds irrespective of the time path for the rate of technical progress.
This property of Hicks neutrality was used by Berndt and Chrisﬁensen

(1973, 1974), Burgess (1974a, 1974b) and Berndt and Wood (1975) to estimate

share equations without having to concern themselves with the time path

of technical change. The advantage in terms of simplicity in estimation is

clear. There are disadvantages to the assumption however. If we are

s

interested in the shift of the production function over time then we neec

ey

to estimate the time path of A(t). 2and, of course, the assumption may noT

be correct in which case we have made a specification error which will

bias our estimates of the parameters of h(x). Estimation of a fixed
svoonential rate of technological change has been undertaken in most

epirical studies such as those by Arrow et al. (1961), Coen and Hickman (1970),
Kotowitz (1968), Tsurumi (1970), Ferguson (1965), McKimnon (1962),

Woodland (1974) and many others.

Other types of neutrality may be assumed, the most popular one being
Harrod neutrality and Solow neutrality, these being formally ecuivalent.
Technical change is said to be Harrod neutral if the relationship between
the marginal product of capital and the capital-output ratio is indepen-
dent of the technical change. This only appears to be an interesting
definition under constant returns to scale. In this case with two inputs
Harrod neutrality is egquivalent to representing the production function gs
(4) y = Gla, (£) L, K)

That is, it is equivalent to purely labour augmenting technical change.
This has been shown by Uzawa (1961), Sato and Beckmann (1968) and extended
to multiple inputs by Burmeister and Dobell (1969). Solow neutrality

occurs when the relationship between the labour-output ratio and the marginal
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product of labour is independent of technical change,which is equivalent to
capital augmented technical change. In addition, Sato and Beckmann (1968)
have generated several other definitions of neutrality of technical change.
For each definition an irnvarient relationship between variables was
gpecified and the-im§1icatiﬁns for the form of the production function were
derived, thus providing a framework within which the various types of
neutrality may be exposed to the data. Sato (1970) has empirically esti-
mated some of these production functions and rates of technical change
using this framework.

By definition neutrality of technical change leaves certain relation-
‘Ships unchanged. Accordingly, these relationships may be estimated
using time series data without making any assumption about the time path
of such neutral technical change. While such an assunption is conveﬁient
it should be tested. Under constant returns to scale Hicks' neutrality
and Harrod-Solow type neutrality may be tested by considering each as

special cases of the Following factor augmenting specification (discissed b I
A iscuassed Hi)

(5) Yy = Q(Cf.l(t> Xl; ceveeny @w’t) XN)

where g is linear homogeneous. Hicks' meutrality occurs when iai(t) = alt)
for all i=l,...,N; Harrod-Solow type neutrality for factor J occurs when

s {t) for all i#j, and o, (t) = constant say unity. For example, if

sat

(t) = €+~ then a test for Hicks' neutrality is ivalent to testing
: Y equ

E’E
it

restriction A=A for all i; and when A,=) for all i¥j and kaO
then we have Harrod-Solow neutrality for factor j.

ii) Separabilityéiﬂicks‘ neutrality is eguivalent to the existence of

an aggregator function for inputs in the production function, specifically
the production function has the following representation

(6) v = F(hx),a).

That is, the inputs form a separable group sO that the marginal ratés of

substitution between the inputs is independent of a and the marginal rates of
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substitution between the elements of a depend only upon h(x) not the
vector x itself.

An assumption often implicitly made in the literature is that the
elements of a form a separable group so the production function has the
representation:

(7) v = f{x,a(a))

where a(a) is a consisfent index of technical change. This restriction
implies that the marginal rates of substitution between elements of vector
a are independent of the elements of x éég_that the marginal rates of
guzstitution between the inputs depend upon the index of technical

change not the individual elements of a. If we could identify and
quantify the eléments of a (e.g. various indices of the level of various
sorts of education, cumulated research output, number of volumes in the
national library, etc.) then we could estimate the parameters of £

using time series data. Then the assumption of separability would impose
restrictions on the functional form which might be tested given a
suitable functional form.

In a more general context‘separability has important implications.
Consider the case where a firm may use inputs to prodﬁce outputs and
additional knowledge. In general we might write the transformation
function as
(8) hiy,z,x,a) = 0
where y denotes ouﬁputs, x inputs, a knowledge, and z additions to knowledge.
Static profit maximization yields solutions for vy,z, and x given vector a
and ?rices p,g and w. If'we assume the representation
(9) h(y,xy;a,g(z,xz,a)) =0
where X =(gy,xz) we imply that the production of knowledge is separable from the
§roduction of goods and services. This further implies a two stage Haxiﬁization

orocess in which the first stage is to maximize research profits, then given that
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solution the second stage is to maximize production profits. If the

two activities are non-joint then we have two frontiers

(10) h(y,xy,a) =0 and g(z,xz,a) =0

iﬁ which case maximization occurs quite independently. That is the case
with the Kennedy model of induced technical change discussed below. In
particular, we can derive the cost function for technical change C{w,z;a)
which may be used to ewpress the set of efficient choices of z available

for a given research budget.

-iil) Factor Augmentation A popular restriction on technical chancge is

to assume that there exist indexes @i(a)‘ i=l,....,N representing the
efficiency of factor i ielative to some base, such that the production
function has representation
(11) v = f(al(a)xl,.‘..,aN(a)XN) = f(x¥%)
where xi* = ai(a)xi. Here each factor is augmented by the efficiency
index. The Variablé Xi* is a measure of factor i in efficiency or base
period units.

There are two approaches for empirical work. First, one might try
to calculate ui(a) and hence xi* and, onée that is done, estimate the
parameters of £. This is the approach taken by Griliches and others who
adjust the labour force data for quality using an index of the education
level. Second, we might estimate the parameters of ai(a) given observations
on yv,x and a and a functional form for the»ai and f functions. Typ%ﬁigly
this is done by assuming a time path for a(t) such that ui(a(t))==e *
This is the approach taken by David and Van de Klundert (1965) and implicitly
by Duncan and Binswanger (1974a, 1974b, 1974c) for example.

A more general representation thah (11) is
(12) 'y o= f(xl*(a,xl), ;..Q,xg(a,xN)) |
where xi* is a function of a and xi. Representation (11) is obviously a

special case when xi* is linear homogeneous in X, . Representation (12)
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effectively’permits the index of efficiency to depend upon X, - One
example is the linear form Xi* =%+ *.t used by Parks (1970) and ﬁbodland
(1975) in which there is a constant addition to efficiency pér period.

In almost all of the above mentioned papers which provide estimates
of rates of augmentation, the null hypothesis that all factor augmentation
rates are the same (neutral technical change in the sense of Hicks7) is
rejected by the data. For example, David and Klundert (1965) find that
for the private domestic sector of the U.S. technical progress has been
labour-saving during the present century. In particular they estimate
the difference in the exponential rates ©f augmentation to be 0.0072 in
labour's favour, which, though small, is significantly different from
zero. They then go on to suggest that the period 1900-1960 is made up
of 3 sub-periods the first of wﬁich (1900-1918) was a labour-saving period,
the second (1919-45) was an average neutral in bias, the last sub-period
being significantly labour saving in bias.8

Duncan and Binswanger (1974a, 1974b) find significant differences in
rates of augmentation for Australian manufacturing industries. Sato (1967)
tests for Hicks neutrality in the capital index of his separable production
function and rejects it. Again Sato (1970, p. 200) concludes that |
"Technical progress is, on the average, nonneutral. The labor efficiency
tends to rise faster (2 percent) than the capital efficiency (1 percent)"

for the U.S. Private Nonfarm Sector. Fishelon (1974) finds that labour
efficiency has grown relative to capital efficiency in Israel.

The only test of the augmentation hypothesis seems to have been made
by Griliches (1964) who estimated a production function with education as
an argument and found that it enteréd the production function in the same
way as‘labour, thus enabling the production function to be expressed as

a function of the product of labour and education.,
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iv) TFmbodied Technical Change Most empirical work assumes that technical

change is disembodied. However, various economists, notably Solow, have
suggested that embodied technical change is theoretically and empirically
important. The idea is that such technical change is embodied in, say,
capital in the form of a modification to a machine; machines produced before
thé technical change will not have increased efficiency. A disembodied
technical change, on the other hand, is one where machines of égg_vintages
have their efficiency increased, for example, by improved layout of the
plant.

Essentially the embodiment hypothesis is that technical change is
manifested in the construction of new capital forms or new labour forms
or even néw product forms. There is the presumption that each new form
is a close substitute for the old forms and that they differ in somé
characteristic. Most emphasis has been placed upon technical change embo-
died in capital, though the same analysis applies to labour and produced
goods. In the following we consider gapital embodiment.

One approach to embodiment is to define the production function
in the space of characteristics. Then a new technical advance wouid be
indicated by the availability of different combinations of characteris-
tics. But this approach has not been used. Rather, the approach has
been to express the production function on the input space introducing
the problem of an increasing dimension for the input space. To obviate
this problem assumptions sufficient to ensure the existence of an
aggregate of all vintageé have been made in empirical work. The problem
of embodied technical change is therefore part of the more general
problem of aggregation which has been discussed by many economists
including Hicks, Leontief, Green, Sold&,and Fisher.

The aggregation approach is as foilows. Let there be one type

abour and one type of capital which undergoes embodied technical

[O¥



C16-

change. Then the production function is

(13) v=F (LK, ,... Ky

where y is output, L is labour input and Ri is the capital iﬁput for vintage
i. The aqgréqation hypafhesis is that there exists an index J(Kl""’KN)
such that |

(14) y=G(L,J(K)).

The condiﬁions on F for such aggregation or weak separability are that
marginal rates of substitution between capital vintages be independent

of L. As a special case these marginal rates of substifution

could be constant, that is the marginal pxoducts could differ by fixed
proportions. If one unit of vintage i capital was "worth" 1+u > 1 units

of vintage i-1 capital then it seems reasonable to define the total

amount of cagitaltas

(15) J, (K) = 2 K., (1+u) "
t =N it

(t-1i)

where K,, is the amount of vintage 1 capital existing in pericd t. The

it
marginal rate of substitution between K, and K& is (l—:—;;)j“i which is
independent of L. The constant u is to be interpreted as therate of
embodied technical change. It is evident that technical progress is
factor augmenting in the sense that this year's vintage is worth more
than last year's vintage.

The aggregation problem is typically posed in a more special way
by postulating vintage production functions yi=Fi(Li,Ki) where the 1 refers
to vintage i. If labour is allocated efficiently over all vintages
subject to I Di=L then we obtain (13) as the aggregate production func-
tion. Then the conditions for aggregation of capital may be expressed
in terms of the virtage production functions. Fisher (1968, p. 269) has
proved that "in the two-factor, constant returns case, an aggregate

capital stock, J, exists if and only if all technical‘change is capital
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augmenting”, that is if yi:F(li’biKi)° In this case the productionAfunctions
in terms of "efficiency units" is the same for all vintages. This result
is true when there are many labour types all efficiently allocated. For
a survey of the work that has been done on this aggregation problem see
Fisher (1969).
The representation (15) allows the estimation of the rate of embodied
technical progress by treating the capital stock as a parametric function
of past capital formation. This approach has been taken by Solow and
others using two factors and constant returns to scale. Empirical work
has been done by Solow (1961, 1962), Intriligator (1965), Nelson 1964, Wickens
(1970), Szakolczai and Stahl (1969) and Berglas (1965).
The parameters of G and the parameter u/of J may be estimated by
nonlinear regression methods. To do this we need observations on output,
labour and the stocks of each capital vintage in existence in each obser-
vation period. The parameters could be chosen to maximize the tikelihood
function given a random disturbance term in (14). Typically, several
values of u are tried and the best one chosen, as in Intriligator (1365), so that
a full search over u is not undertaken. Berglas (1965) estimates an ad hoc model
again by trying different values for the rate of disembodiegh technical change,yu.
Wickens (1970) and McCarthy (1965) point out a basic identification
problem in studies that use Cobb-Douglas production functions in an
attempt to distinguish the rates of disembodied and embodied technical
change. The problem is that there are three "rate" parameters, the two
rates of technical change and the rate of depreciation which are not
identified. If the rate of depreciation is known then identifi;ation
of the rates of technical change follows but it éhould be clear that the
estimates of these rates depend crucially upon the choice of the deprecia~
tion rate. Thus many answers can be obtained simply by varying the

rate of depreciation. Since this is seldom known with accuracy intrepre-
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tation of the results should be made with caution. McCarthy shows that
this identification problem does not occur with the CES function.

Jorgenson (1966) has argued that it is impossible to distinguish
between embodied and disembodied technical change using the usual approaches
to the construction of indices of technical change. Specifically, he
shows that one may interpret errors in the measurement of the price
index for capital services as a measure of embodied technical change
and hence, by an appropriate choice of measurement, we can make the
index of embodied technical change as large or as small as we like.

And, since the price index for capital services enters the definition
of the index of disembodied technical change, we can never distinguish
between the two forms.

Wickens (1970) estimates a Cobb-Douglas model avoiding the nonlinearity
of (15) by using a Taylor approximation and concludes that "once
movements in output are removed we can find no evidence to support the
embodiment hypothesis. Put another way, annual time series data do not
contain enough information to enable us to distinguish between a model
with a rather high rate of embodied technical progress (say 10 peréent)
and one with a very low rate (say zero)."

Other studies are reviewed in Kemnedy and Thirwall (1972). For
the Australian mahufacturing industries Lydall (1968) eould find little
support for the embodiment hypothesis.

The embodiment hypothesis is closely associated with the concept
of factor augmenting technical change and with the problem of aggregation.
| The Solow hypothesis is that different vintages of "essentially the
same" capital good differ only in their efficiency, that is technical
change is factor augmenting but is embodied in new capital. This permits
aggregation according to the Leontief (1947) rules. The development of

a truly new capital good cannot be handled by the Solow technique, and
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leads to the more difficult problem of aggregation over heterogeneous
capital goods or to the replacement of and addition to the arguments of
the production function.

In all empirical studies some aggregation of capital is essential.
We can use the Solow technique and adjust the vintages for quality change,
taking the rate of embodied technical change as known or as a parameter
to be estimated. Or we can campute the index(es) of capital stock(s) in
the usual way and estimate rates of factor augmentation. Which is best
is in the final analysis an empirical guestion. Both methods may be
applied since the data requirements are the same; in the embodiment
case the capital stocks are functions of the basic data on depreciatioﬁ
and investment and the rate of augmentation. This complicates the
estimation of the parameters of the system since (15) is nonlinear in
p. This nonlinearity may be avoided by approximations such as those
used by Wickens (1970) or Nelson (1964).

c) Induced Technical Change

i) General Comments In this section we survey the main theoretical ana-

lyses of the generation of technical change. Technical change is not
given exogenously to the economy but is generated within the economic
system in a mammer and degree partly determined by the structure of

prices and by past experience. The works surveyed in this section attempt
to formalize this idea.

As a general statement of the problem let us consider a firm
producing comodities (one for simplicity) using various inputs. At any
point in time the technology is fixed and the firm is therefore Limited
in its choice of input-output combinations. The firm may also be able
to change the state of knowledge and hence alter the feasible set of
input-output combinations in the following period; For example, the

Firm may ke able to devote same of its resources to research activities
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which improve knowledge about production and hence lead to higher profits
or lower costs next period. As a second example, éhe firm may be able to
improve ite knowledge about production simply by undertaking production,
that is the firm may learn by doing. In this case no cost is attached

to the learning“process unless, of course, it is unprofitable to produce.
These two examples identify the two approaches that have been taken in the
literature.

The actual way in which research and development or learning by
doing manifest themselves in the production function is not clear. Is
the learning by doing undertaken by the workers or management? Presumably
machines cannot learn but even so such technica1 change may be machine
augmenting. Theory doesn't seem to help much in specifying precisely
how learning by doing affects the techmnology. With research and develop-
ment the possibilities are even greater since technical change may take
the form of education of workers, improvements in machine efficiency,
improved management, and the introduction of new types of machines and
camodities.

Sﬁppose the technology is described by the transformation eguation
fly(t), x(t),z(t), a(t)) = 0 where y is a vector of outputs, x is a vector cf
inputs, a is a vector of states’of knowledge and a(t) = z(t) is the
change in the state of knowledge through time.

This is very general since x may include research inputs which produce
new knowledge, or an element of a may represent experience which may be
increased by producing an output or using an input, If the firm faces an
output price vector p(t) and input price vector w(t) (appropriately
discounted) then the profit maximizing -competitive firm will choose

time paths y(t), x(t) and z(t) and hence a(t) to solve the following problem
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(16)  maximize [ {p(t) y(t) - wlt) x(t) } at
4]

subject to Fly(t), x(t), z(), at)) =0
Se) = ze)
aio) given

In setting up the fim's problem in this way we have made several
important assumptions. First, wé have ignored the fixed capital problem
for simplicity. Second, the time paths for p and w are assumed to be
known with certainty along with the technical change function g. A thorough
analysis would require that attention be given to the inherent uncer-
tainty regarding the future path of prices and, especially, the payoffs
from research. Third, we have assumed that the firm is aware of the gains
from investment in research activities hence that the optimal time
paths reflect this. This is perfectly reasonable for the firm hut at
the industry level this assumption may not he so reascnable. For,
suppose that experience comes from an industry wide technical change
function and that the industry is perfectly competitive. Then no one
firm will believe that it can change its production function by its
actions alone. In this case the actual time paths chosen by the firms
for the industry will be sub optimal since here we have a clear case of
- an ecénomy external to the firm but internal to the industry. Another
problem occurs when the econcmies are internal to the firm but the
technical change is available to all firms in the industry at zero or
minimal cost. Here the incentive to carry out research is lost. Conse-
quently, for the industry to behave as if it solved the above optimization
problem we require that all firms should be identical doing the same
things and they should be aware of this;

We now proceed to review some special models and to see if these

models can aid in the empifical estimation of the technology.
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ii) ILearning by Doing - Noting the importance of the role of learning fram

experience as indicated by psychologists and by various researchers in
induétrial learning, Arrow {(1962) formulated a simple model of learning

by doing and examined the consequeﬁces for income distribution and economic
growth. Arrow rejects the cumulative output as an index of experience

and instead uses cunulative gross investment in capital goods as the index
on the grounds that "Each new machine produced and put into use is capabl
of changing the envirorment in which production takes place, so that
learning is taking place with continually new stirmli". He was however
interested in a macroeconomic growth model in which “"the possibility of
continued learning in the sense, here, of a steady rate of growth in
productivity" was plausible.

Arrow assumed that new capital goods were more efficient than older
ones because more had been produced before and hence that technical
change is embodied in capital. Assuming that labour and each type of
machine are employed in fixed ratio under constant returns to scale, Arrow
is able to show that outpﬁt is a function of the total labour input and
cunulative gross investment. He then shows that the competitive eguilibrium
is sub optimal in that a higher discounted value of consumption ié
attainable under central planning. The reason is that individual producers
do not take account of the effect of their decisions on technical change
and hence on theif profits.

Arrow's model has been extended within the context of macroeconomic
growth by Levhari (1966a, 1966b). It has also been used to provide a better
understanding of the concept of an infant industry in intermational trade
by Clemhout and Wan and Barchan who derive optimum subsidy
formulae needed to attain the first best solution under competitive
behaviorrwhen experience is measured by cumulative output discounted by a

"memory loss" factor.
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We now consider the empirical implications of learning models. Suppose
that experience is measured by cumulative industry output and that the
firms in the industry do not take account of the effect of industry
output upon their own set of feasible input-output combinations. Then
decisions are made on the choice of output Yy and input X, subject to

t
f(yt, Ao ) = O where o, = J y(¥) dr at time t. Given observations on

t t
Vpr Xy and the index of "expegience“ o, over some sample period together.
with a functional form for f and a stochastic specification we rmay
estimate the parameters of f econometrically. Of course we may wish to
add further assumptions about behavior and estimate the cost, profit or
factor demand functions which will depend upon Oy -

There has been little work done along these lines. ’Rapping (1965)
estimates a production function linear in the logs of all the variables
for shipping yards in the U.S, during World War II. He concluded from
his results that economics of scale in‘production existed and that
the best explanation of technical change was provided by the cumilated
output. A time variable representing a constant rate of neutral technical
change was inferior as an explanatory variable; Fellner (1969) used the
time variable (time actually producing) successfully in the explanatior
of improved athletic performances. In addition there have heen various
studies at the micro level and.rwhich are discussed by Kennedy and Thirwall
(1972, pp. 38-39).

‘ Sheshinski (1967) estimated a CES production function in which the
index of neutral technical change was specified as a function of time,
representing "unlearned technical change", and experience, represented by
(a) cunulative output and (b) cumulative gross investmenﬁ. Thus he did not
assume embodiment as did Arréw. The model was estimated using state
érbss~section daﬁa for‘24digit industries in the U.S. and using time

series data for six countries including the U.S. and Australia. In
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general the results provided mild support for the Arrow hypothesis.

Berglas (1965) has ;estimated an ad hoc relationship between output
per worker and capital per worker under three assumptions re technical
change: all technical change is embodied in capital and is (a) time depen-
dant, or (b) cumulative gross investment dependant and (¢) technical change
is disembodied and depends on cumulative gross investment. The results
are not very clear cut or satisfactory however.

A major problem which suggests caution in applying the learning
model at the industry level using time series data is that the index of
experience, time and output are likely to be highly correlated. If this
is the case then, the discrimination between learning by doing, exogenous
technical change, and economies of scale must rely heavily upon the func-
tional form adopted. Without good theoretical grounds for the choice
of the functional form any discrimination is very weak and should be
regarded with caution. In a.daition, while the model sounds plausible, it is
a rather mechanical one in that learning is not a choice variable but
occurs at a rate determined by the output or investment path which are,
of course, choice variables.

iii) Choice of Technical Changeg While technical change due to learning by

doing is induced by our choice of input-output corrbinatiéns in the ordinary
production process, it is not the consequence of deliberate economic
decisions taken with the objective of choosing a rate and direction for
technical change. Here we briefly examine theoretical ’develogments which
emphasize such a choice.

This approach was first formulated by Kennedy (1964) though his work
bears some relation to earlier work including that of Kaldor (1957‘) .
Kennedy formulated a myopic decision making model in which the directicn of
technical change is chosen to maximize the rate of reduction in the cost

of production given that the rates of cost reduction for labour and capital
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are limited by an "innovation possibilities frontier". Iet the unit
cost be given by v = c(w*) where wi* = wi/bi and b, is the index of
efficiency for factor i under the factor augmentétion hypothesis of techni~

cal change. Then the percentage reduction in unit cost due to a change in the bi is

.,-A::" Wk '
(17) ~y ; S; (w*) . by

which is the objective to be maximized%o The constraint is that

~

18 Byreea b ) =0
(18) g i N)

which is the ‘innovation possibilities frontier (IPF) in which the rates
of augmentation are limited. The IPF is assumed to be concave. Treating
the cost shares Si(w*} as constants the conditions for maximizing the
unit cost reduction given the IPF are

L
(29) 9/

= = "3 , % N
ag/?jbj 'S”j" aIldg(b ’a.-rbN) ke O.

When N=2, as in Kemnedy's paper, it is evident that if Si increases for

some reason then by will increase and b, will decrease if g is concave as
illustrated in the diagram:
{:\\! ; X

2

Effect of an Increase in Sl

o —~ b,

Remnedy argued that the cost shares were important in determining the
direction of technical change and that his theory led to a theory of income
distribution. He argued that in long run equilibrium Ai=52 and there will
be a corresponding share ratio Si/S2 the equilibrium distribution of income.
But he did not consider the stability of the adjustment path. Samuelson
{1965) pointed out that stability requires that the elasticity of substitution

oetween factors 1 and 2 012 < 1. This is because
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(20) SZ—-Sl = (012~l) (b2~bl)

if factor prices do not change. Thus if initially 52 > Bl and 919 © 1
then the share of factor 2 will fall. This induces a reduction in b2 and

an increase in bl next period. If b2> bl still, then there will be a

-~ ~

further reduction in 82 until 52=51. Ir 95 > 1, however, b2 > by implies
that 82 will rise inducing a further increase in b2 and a further increase
in Sy until S2=l.

Kennedy was interested in the macro implications of his model, in
particular the implications for income distribution. As Samuelson points
out, Kennedy's analysis is deficient because he assumes that factor prices
are constant, hence he cannot have a complete theory of distribution,
and because he considers only myopic behavior. Samuelson goes on to
generalize the model by assuming that factor prices are endogenous with
factor endowments fixed, and then by considering an intertemporal
decision-making model. He also allows endowments to change over time.

Others including Ahmad (1966), Nordhaus (1969) and Binswanger (1974)
have criticized the Kennedy-Weizsacker-Samuelson model on various groundsn
Ahmad argues that if the IPF constrains not the rates of change in the
indices of augmentation gi but the absolute changes Ei = gi bi then the
input shares are replaced by the input prices as the crucial determinants
of the direction of technical change. This fits in with the original
statements by Hicks (1932). Binswanger, following Nordhaus, argues that
the specifiéation of the IPF as a stable function is based upon unrealistically
simple assumptions and that it is the choice of the position of the
frontier not only of the point on the frontier that is the crux of the
endogenous technical change problem. However as our formulation of the

problem in (22) indicates this criticism is easily remedied.
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At the micro or industry level where factor prices may be taken as
given the Kennedy model is relevant and this approach has been set in an
intertemporal framework by Kamien and Schwartz (1969). What are tﬁé
implications of Kennedy's model for micro production functions? In the
long run if 0yo < 1 we would expect to ohserve an equilibriun factor
share which is constant at a value consistent with él = 52. Thus in the
long run technical change is Hicks neutral with equal rates of augmenta-
tion for capital and 1abour,lli%is share is independent of the production
function; only if the IPF shifts will the shares change. Of course,
along the adjustment path rates of augmentation will not be equal. Indeed
if Uy 1 then these rates diverge with the shares approaching zero or
unity. If we restrict gj z 0 then if in equilibrium S,= 1 and Sl: 0
we will have 5220 and g > 0 and so we have either Harrod neutral

1
technical change, bL = 0, or Solow neutral technical change, bK = (.

In short, the Kennedy model yields the Hicks, Harrod and Solow forms

of neutrality as special long run solutions; this is of little help in
deciding upon a choice between these forms of neutrality for production
functioﬁ estimation purposes. Moreover, in the short run these results
may not be very relevant.

iv) An Empirical Model of the Kemnedy Theory If the long run theory

of induced technical change does not help in formulating restrictions

on the form of technical change, it may be worthwhile considering whethef
we can estimate the complete model describing the input choice and the
choice of direction of technical change simultaneously. While this seems
a logical thing to do this problem does not appear to have been

discussed in the literature. We now examine how a Kennedy type model
micht be estimated econometrically and used to.ﬁest the theory cf induced

techmical change and then consider several other approaches to the problem
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which have appeared in the literature.

The firm (industry) is assumed to meke decisions regarding the choice
of inputs for production given factor prices'and the state of technology.
The technology may be altered by devoting resources to research which will
lead to increases in the indexes of input augmentation. The research
and production technologies are separate or disjoint so the decisicns are
independent ones. The firm's cost function is C{w,y,b) = C* lw* ) wihere
wz = wi/bi i=1,...,N. This yields the input share equations for pericd
. .

(21) Sip = S; (W, .y, /by) i=l,...,N [= si(w*t,yt)]
where we recognize that bt enters in a special way, that is as a vector
of augmentation indices. According to the Kennedy model the rates of
augmentation git are chosen to maximize the reduction in cost given
factor prices and hence factor shares. That is, the Firm

solves the following problem

= S s alb z
(22) r(s M) = m%x I8, : gl M) = 0]
t

where M_ is the expenditure on research and development. The function

r(St’Mt) indicates the optimal cost reduction given St and Mt‘ It is

formally equivalent to a revenue function as defined and discussed by
Diewert (1974b) and is therefore a continuous function, nondecreasing
concave and linear homogeneous in St’ and nondecreasing in Mt' The optimal

choice for bit is derived from Hotelling's Lemma as

Soo_oer(s, M) L
(23) by, L7 = (S, M) i=1,....N

95 ¢

whence, since bit = (bit+l - bit)/bit’

(24) B o

el = [l4r, (St,Mt)} by = pi(St,Mt) b i=1,...,N.
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If we could observe the vector of shares St’ the vector of factor

, output Vi s research expenditures M, and the vector of augmen-—

prices w v

t
tation indexes bt then we could estimate the parameters of the cost function

and the revenue function (or, by duality the IPF) by estimating the share
equations (21) and the technical change functions (24) . They
form a nonlinear simultaneous equation system so the estimation procedure

3, e E

would need to take this into account. But, of course, we 4o not ciserve Z_.
One approach is to linearize the share eguations by a first-order
Taylor approximation. Writing (21) in vector form as S_ = S(W,_,¥, ,b,)

[,

and linearizing we get that

(25) St = E{Wf’yt’bt> (wfmbt} E{w ,yt;b ) W£ ( 'Y£' } R(S ,Mt)
where E(wt§yt,bt) is a matrix of demand elasticities and R(St, t) is
the vector of derivatives r, (St ﬂt‘ i=l,...,N. If we could set E to

some constant matrix E then the set of equations ( 25) could be estimated
noting the econometric problems that sometimes arise in estimating sets
of equatlons Wlub lagged dependent variables in the list of regressor

Such a model would permit the estimation of E and the parameters of R.
However, it is difficult to justify the assunption that E is fixed
because it imposes severe restrictions on the cost function and because
it would be an approximation for changes in.v%fyt and bt within a small
range.

There is an attractive alternative however. First, note that the
simultaneous system (21) and (24) is homogeneous of degree zero in
the bit‘s. That is if we observed the time path described by the system
for a given initial vector of augnentation indexes bo:ao' then the same
time path would be followed if we set bo:Aao for any »>0. Therefore we
may normalize the indexes such that bt=l for some t without any loss of
generality. Treating the period t=0 as the base period for the indexes

we may estimate the complete system. The econometric model is
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(26) Sit = Si(wf’yt’bk) + Uit i=1,...,N
=t -
vhere by, = =1 i Gpyp M) big biot
where Utz(Uit""’UﬁE) is a vector of jointly dependent disturbances.

Thig «model assumes that the technical change equations are
non-stochastic but that the share equations are stochaétic, an assumption
which appears to be needed to get a tractable model. Given this formu-
lation we may use observations on St,W£,Y£, aﬁd Mt to estimate the

£~

system of share equations thus obtaining estimates of the parameters of
the cost function and for the "revenue" function which is dual to the IPF.
We may choose a functional form for r(St,N%), derived by Diewert
(1974b), which may be interpreted as a second order approximation
to an arbitrary differentiable revenue function. This form has the nice
property that by setting certain parameters equal to zero the rates of
augmentation are constants, independent of factor shares. Thus we are
able to test the Kennedy model of induced technical change against the
alternative that all rates are fixed exogenously. As a special case
of the alternative we have Hicks' neutrality of augmentafion.when the
constant rates are equal. ‘Furthermore, the role of research expenditures
may be tested.
What are the drawbacks of this empirical model? First, because
it is nonlinear in the parameters the computational burden is considerable.
‘Second, one would like a large number of observations in the sample
since the number of parameters will be fairly large. Using flexible
functional forms for C and r we will have about N2+3N parameters.
Third, it assumes myopic behavior whereas it seems more realistic
to assume that at each point in time the data are generated as the
initial part of an intertemporal solution to an intertemporal model. This assumes

that as new information becomes available (at each point in time) firms

recalculate their optimal programs and embark on them.
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The last deficiency of the Kermnedy model has been examined by

Kamien and Schwartz (1969). They examine the continuous time intertemporal problem.

T_ 4
27) max f &5 [ryft) - wx (&) - M(E)] dt
O
s.t.  y(t) = £Ge(t), b(t)) = £*(xx) (say)
g(b) = h(M(t))
b(o) given

where £*jg homothetic in x* where xi = xi/bi,;a is a discount rate and
T= =, Clearly at each point in time y and x will be chosen to maximize

instantaneous profits so the problem may be rewritten as

T —pt
128) max [ € [N{b) ~ M(t)ME

8]
s.t.  gb)= hM(t))
b(o) given

where HN(b) = max {r{y) - wx : y= £{x,b)z £¥(x*)} the w argument being ignored
Y X

since it remaing constant. Kamein and Schwartz examine the long run
properties of the model and conclude that "optimal behavior is similar to
that derived from a myopic objective, but tends to he less (more) biased
than myopic behavior as 01y < (>1) 1. Further, the myopic view point leads
to underinvestment in technical advance if the firm size, in cost 6f sales,
is growing, and to overinvestment otherwise".

Whether one can derive an empirical model based upon this optimi-
zation problem remains to be seen.

v) FEmpirical Work There appear to be few attempts to formally test

the hypothesis of induced innovation of technical change. . Morishima
and Saito (1968) develop a two sector model in which some of the para-
meters (not o) of the CES sectoral production functions are dependent
upon the "scarcity" of the inputs. The scarcity of inputs is defined

in terms of ucilization rates. Obtaining results with a compler
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estimation procedure for the US private sector they find that the results
of David and Klundert (1965) and Brown and Popkin (1962) regarding bias
of technical change may be, in the large, explained by the induced tech-
nical change theory.

Lucas (1967a) formulated a microeconomic model of production and
research which he analysed theoretically and then tested empirically
using time series data for the U.S. manufacturing industry. The empirical
model does not reflect the theory faithfully but is suggested by the
theory. ILucas (p. 187) concludes that "statistically, then, our results
reject quite strongly the view that the rate of technical advance in
manufacturing is unaffected by market forces". Another study by
Nordhaus (1969) finds little support for the IPF hypothesis and favours
an alternative inventor hypothesis.

Another approach used is to rank factors by their estimated rate of
augmentation and the rate of change in their prices over the sample
period and to compare these rankings. This is the approach taken by
Duncan and Binswanger (1974a, 1974b) in their work on production
functions for Australian manufacturing industries. They claim mild

support for the Hicks-Ahmad theory of induced technical change.
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Imperfect Adjustment

a) General Comments

The preceding analysis has assumed that all adjustments of
quantities to prices are instantaneous. In this section we consider
various models of the adjustment process which have been proposed
and estimated in the literature.

The production function y = f£(x) relates output per period to
the inputs per period of the various factors of production. If we can
’Heasure the input quantities and the output quantities then we can use
regression methods to estimate the parameters of f and so obtain estimates
of the elasticities of substitution as functions of x. There is no
need to consider any adjustment process. However, to use these estimates
economists usually invoke some optimizing or other behaviour on the
part of firms and this involves the implicit assumption of instantaneous
(within the period) adjustment. Since our concern is with adjustment
of quantities to price and other changes we cannot use the production
function approach just outlined alone.

The m@stuccmmon approach, used extensively in the literature on
investment functions, is to postulate that input‘qpantities cannot
adjust instantaneously but adjust at varying rates over a nurmber of
periods to some desired or long run level. The model is composed of
two parts, one explaining the desired levels of inputs the other explaining
%he time path of response of inputs to the desired levels. Quantity
adjustment models are discussed in the following subsection.

| Another way of modelling the role of time in the behaviour of
firms is to postulate that expectations about future prices are formed
and it is these expectations which are used to calculate input-output
choices? The expectations are presumably formed on the basis of past

experience as well as feelings about the future. These models thus
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have two parts also; one model to explain expectations, another to
explain input-output choices given these expectations. Such models are
also discussed briefly below.

It should be emphasized that this whole area is extremely wide
so that this brief survey cannot hope to be comprehensive. HNevertheless
the main issues from an empirical viewpoint are presented. It should
also be noted that the connection between theory and empirical work
in this area is not as close as is desirable due to the complexity of
intertemporal optimization models relative to static optimization models.

b) Quantity Adjustments

i) Adjustment Models. Since we are concerned with systems of

input demand functions we will present the analysis in that context
and so be only tangentially concerned with the voluminous literature
on investment functions.

The typical ad hoc theory of adjustment goes as follows. Given
a vector of input prices W, and an output level Y at time t the firm
(industry) would like to choose a vector of inputs to minimizsz the

cost of production. ILet the cost minimizing vector of inputs be
% =

where YV ,C(w, y) is the vector of partial derivatives of ‘C with respect
fo the elements of w. The input vector used in the previous period t-1
| is X, SO the desired change :mAthe input vector is x,g - Xt-1 which
undei perfect adjustment, would be attained. However, for various
reasons it may be not possible to change x within the period so the
“input vector actually used in period t is Xt # x*. The problem is to

find a suitable adjustment mechanism relating X, to x* and xg-y:
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(2) Xy = G(x*, %.1) (G is a vector-~valued function)

such that lim (fo«) X = ®*., That is; we require that at least in
the limit the desired vector of inputs is attained or, equivalently, that
the difference equation system (2) is stable with solution x*.

The special form of (2) which has been popular because of its

relatively simple structure is
- e H o * -
(3) S . ] A(xt Xe_1) or xt At + (I A)Xt»l

wherekA is a matrix of "adjustment coefficients". It can be shown that
the stable soclution to (3) is x = x* and that (3) is stable if and only
if every characteristic root of matrix A is in the open interval (0, 2)
or, equivalently, the roots of (I - A) are less than unity in absolute
value. The approach of Xy to x* may be monotonic or oscillatory depending
upon the nature of A or its characteristic roots. Clearly (3) is a
generalization of the simple geometric lag in one variable.

The vector xi is not observed so estimation of the parameters of

the cost function C and matrix A must be done after combining (1) and

(3) to get
(4) % =AVCOnr ) + (T = R)xeg + v

where u, is a vector of disturbances. Given observations over the
sample period t = 1,...,T on the vector of inputs Xt’ the vector of
input prices LA output y, and the previous period inputs X q0 system
(4) may be estimated econometrically. If a density function for u, is
given then maximum likelihood estimation could be undertaker. It
should be noted that A and the parameters of C will necessarily enter

(4) ronlinearly, even if v..C is linear in parameters, and that both
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sets of parameters will have elements appearing in more than one eguation.
Accordingly, the equations of (4) must be estimated jointly. Another
reason for joint estimation is that the individual disturbances are
likely to be jbintly distributed for reasons outlined in Section 2.

This model has been estimated by Nadiri and Rosen (1969, 1973) and Coen
and Hickman (1970). Both use a Cobb-Douglas production function to
get the derived demand functions (1) which turn out to be linear in
the logs of the variables. They then postulate that (3) holds with
respect to the logs of variables and so, combining (1) and (3) and
adding disturbances they obtain the estimating equations (4) where
all variables are to be interpreted as logs of the underlying variables.
The adjustment mechanism in original variables is

N 4. .
() =fe/x 1 Tl (/%5 ) L= LN

Despite the compelling reasons for joint estimation, Nadiri and
Rosen did not esﬁimate (4) as a complete system of equations but,
instead, estimated each equation separately by ordinary least squares.
Thus they took no account of the covariances between the disturbances
and, moreover, since no account was taken of the fact that the same
parameters appear in different equations they obtain multiple estimates
of these parameters, specifically those of the underlying production
function. In addition, they were forced to omit the user cost of
labour due to lack of data. The results, which must therefore be
interpreted with extreme caution, show that the adjustment mechanism
is an important part of the model specification and that some of the

off diagonal elements of A are significantly different from zero.
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Thus, the adjustment of an input to its desired level depends on the
gap between the desired and actual levels for that input and other
inputs.

Coen and Hickman emphasize the desirability of estimating the
system jointly and employ maximum likelihood methods. However, they
assume that the matrix of adjustment coefficients is diagonal ruling
out the interdependence of the adjustment paths considered so important
by Nadiri and Rosen.

The adjustment paths must be interdependent. If we observe Yy as
the output and X, as the vector of inputs in period t then it must he
true that £(xy) > Vi where f is the production function. The adjust-
ment path must respect this constraint, otherwise we might observe
inputs which could not produce the observed output, a situation
" inconsistent with the theory. This restriction means, for example,
that if output increases such that the desired inputs all go up then
if one input adjusts slowly another input must overadjust. Even if
one recognizes this constraint as being important, it is another matter
to impose iﬁ on the model and still maintain equations which may be
estimated without undue difficulty. In the Cobb-Douglas nodel employed
by Nadiri and Rosen these conditions can be imposed on the parameters
in the form of bilinear and determinantal conditions. These are
nontrivial to impose in practice arid for more general technologies
the problems would appear to be too complex to warrant consideration.

Once system,.(4) has been estimated the results may be used to
describe the response of inputs to changes in output and input prices,
as done in the above-mentioned papers. The short run respénses are,

of course, of vital importance when simulating the effects of a change
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in the economic policy which affects output and input prices. The
long run response’is also of interest and it may be calculated as the
solution (1). Thus this model is very useful in that it permits a
detailed description of the time paths of inputs as they adjust to
external shocks.

Because such a model can be so used, it is important that it be
properly estimated and interpreted. It is relatively easy to set up
and estimate a lagged adjustment model, but it is not so easy to be
confident that it is a reasonable model of behaviour and not simply
an ad hoc descriptive device that seems to perform well in the sense
that it describes the time series fairly accurately.

It has been argued that the adjustment path should respect the
constraint imposed by the production function. One possible way of
arguing against this position is to assﬁme, as Coen and Hickman do,
that the measured inputs do not accurately reflect the services
yielded since, for example, labour and/or machinery may be worked more
intensively if output is to increase quickly. This implies that the
intensity or réte of utilization is a choice variable permitting
increased production from given measured inputs. Certainly this
assumption permits the firm to appear to be off its production function
when expressed in measured units and hence supports the position that
(4) may be a "good" model without any further condition to ensure that
the production function is respected. However, it implies that the
model is incomplete or incorrectly specified and suggests that the
rate of utilization of inputs should be modelled explicitly. The

literature on the theory of capital utilization has recently been

" surveyed by Whinston (1974).
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ii) Adjustment Cost Theory. Why don't firms adjust fully to changes

in circumstances within the pericd? One explanation is that at the

going prices the market supply of an input is insufficient to meet the
demand, that prices are somehow sticky and do not adjust to clear the
market in the period; and hence that some firms cannot attain desired
increases in employment of factors. Also contracts may prevent reductions
in employment of labour. Or it just takes time to install new equip-
ment or get rid of old equlpment This explanation thus rests on the
time element involved in change or upon scme rationing assumption.

An alternative éxplanation is that there are "costs of adjustment"”
which discourage rapid change. For example, there are the costs of
advertisement, interviewing, etc. associated with hiring new workers.
There are the costs of foregone output and hence profits associated
with having the plant idle while additions are made. Several economists
have recognized the importance of adjustment costs as an explanation
for slow adjustment and have set up formal models.

One such model is as follows. ILet the output rate be y and the input
price vector be w, both fixed, and let g(x (t)) be the cost of adjustment
where %(t) is the rate of change in x(t). If the firm faces a fixed
interest rate r then the problem posed is that the firm should minimize
the discounted costs of production and adjusmeht given the initial

employment of inputs. In continuous time this problem is to choose a

time path %(t) and z(t) to

(6) min f: e TEux(t) + glz(t))lat

subject to x(t) = z(t)
y(t) = £{x(t))
x(0) =

XO,
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which is an optimal control problem. An alternative formulation might
be to specify a price for output and allow the tlme path for output y(t)
to be endogenous in which case the problem would be to maximize the
present value of profits. 1In both cases w is interpreted as the usual
opportunity or user cost. '

Following on from a one factor model examined by Eisner and Strotz
(1963), Lucas (1967b) considered a model with a concave production |
function with a subset of the inputs being subject to adjustment costs.
He showed that in the neighbourhood of the stable solution to the
optimization problem the optimal path may be approximated by a linear

differential equation system of the form

-

(7) x(t) = Alx* - x(t)1]

where the matrix of adjustment coefficients is a matrix function
evaluated at the stationary solution x* for non perfectly adjusting
inputs. Thus in the neighbourhood of a stationary solution the flexible
acceleratormpdel discussed in the previous subsection would appear
reasonable. However, away from this solution A camnot be assumed constant.
Furthermore, if some basic data change (e.g. interest rate) not only
will x* change but the matrix A will also change. Thus for most empirical
researchers this result (7) may be of limited applicability since over
the sample period the basic data must change if any estimation is to
be undertaken.

The Eisner- Strotz and Lucas'résults have been examined by Gould
(1968) who points out that the assumption of stationary prices is

crucial to their analyses. Treadway (1971) treates the multivariate
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flexible accelerator in a quite general way and points out that the
Lucas results are based upon the assumption that the variables x and
% are separable in the production process.

Schramm (1970) makes use of Lubas’ results and estimates an
adjustment cost model using US data on investment in three types of
capital. He considers a model with a quadratic production function

yielding the investment equations

(8) X~ X = Ac + Ath - Ax 4
where A is the adjustment coefficient matrix, Wy is the vector of user
costs divided by the input price, R is a symmetric negative definite

- matrix and ¢ is a vector of constants. He uses a result of Lucas (1967)
which is that AR is symmetric negative definite. However he estimates
only one of the eguations of (8), that for depreciable capital.

iii) Ex Ante and Ex Post Substitution. Another approach to the

question of time responsiveness of inputs to price and output changes
is to assume that ex ante and ex post substitution possibilities are
different. This approach emphasizes the long run versus short run
options facing a firm. In the short run there is a particular technique
or set of techniques available aepending upon past decisions regarding
investment and labour training decisions so substitution pbssibilities
are limited. In the long run they are only limited by the state of
technology. | »

Recently Fuss (1972) has set up a model differentiating between
‘the short and long run and has estimated it using data on the generation
of electricity. He was able to test various hypotheses including the |

putty-clayhypothesis which could not be rejected by the data.
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c) Price Expectations

i) Models. While we have just given attention to thé adjustment
paths of inputs to current prices, imperfect adjustment may take the
form of adjuSting "planning prices" to current prices. Thus we get
price expectations models. If the prices in the current period are
not known when production decisions are made it is important that
expectations be formed. Furthermore, when there are costs of adjustment
the future course of prices will have an important influence upon how
inputs respond now. For these re%sons price expectations models may
be used to model firm behaviour. |

Quite a sizeable proportion of production function studies use
price and output expectations. The most common assumption is that of
e

adaptive expectations which hypothesizes that the expected price w;,

changes according to

e
(9) wo

= Wipy = agliye gy - W) aj >0
That is, expectations increase whenever actual prices turn out to be
above the expectation of the previous period. Notice that the
expectations for period t are‘ based upon pasﬁ data on prices. An
altemative formulation with the current price replacing last period's
price on the right-hand s'ide’ cannot be - viewed as an expectations
model since if w,. were known no expectations would need to be formed.
Rather it would have to be viewed as a "plaming price" model in
which planning prices are viewed as average or long term prices.

The problem with (9) is that expected prices are not observed.

However, we can make (9) operational in various ways, one of which is

to rewrite it as
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t
(10) w‘?t = jil ai(l - ay)

7ty + 1),

which is a linear function of past prices and the bése period Wﬁ
price. The latter may be regarded as a parameter of the model since it
depends upon the parameter a; and the oonpiete history of prices prior
to pe;f:iod 0.

The model is completed by assuming that the firm (industry) mini-
mizes the cost of production given these expectations. The factor

demand functions are
(11} Xip = BC(wi, _yt)/a‘;«lg-:ft 1=1,.0.,N

Substituting the expression (10) for the nonﬁbserved expected prices
Wiy Qe find that the input demand functions are functions of the past
history of prices summarized beyond the base period by. w?o which we
treat as a parameter. In principle we can add random disturbances to
(11) and estimate the parameters of the cost fmc’;ion and the parameters
a; = (al,,“,a*N) and wg = (wig,.. . ,wﬁo) of the price expectations
formulae. |

Just as with the quantity of adjustment models, this model may be
used to simulate the time path of the response of inputs to changes in
current input prices. The expectations model (10) will be stable if
and only if |1 - ai} <1 for all i, that is, if and only if 0 <‘ai < 2.
- If a; = 1 then we have the case of unit elastic expectations where we
expéct last year's price to occur this year; if a; < 1 then expected
prices adjust monotonically to actual prices and 1if a; > 1 the adjustment
| is cyclical.

Estimation of (11) is nontrivial since (11) is a set of N equations
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which, while linear in the parameters of the cost function using a
standard flexible functional form, is extremely nonlinear in the
parameters of the expectations formulae. For N > 2 a grid search
method, whereby linear-regressions are carried out conditional on the
parameters a and w% and the best one chosen, is likely to be inefficient.
A direct approach seems to be required but even here the computational
burden increases rapidly as N increases. For an example of the
estimation of a similar model see Woodland (1974).

A much simpler formulation is

(12) Weit =a; Wip + (1= ap)wie g

in original variables or in logs of variables. The log form was used
by Coen and Hickman (1870) bbut eventually they specified that a; = O or 1
depending on i, when their estimates of the a; turned out to be '
negative. A similar assumption to (12) was used by Sato (1967) to
model the response of actual inputs of capital to desired inputs and
last period inputs. The advantage of these fo:mulétions is thét in
(12) the expected price is a linear conbination of current and past
prices and so is a simple relationship which is relatively easy to
estimate. The one disadvantage is that, be:mg simple, it may be too
restrictive to be an approximation to reality. Also, if current prices
are known we must interpret wit as a planning price.

ii) Duality. It twrns out that there is duality or equivalence
between certain quantity adjustment paths and price expectations paths.
To illustrate this duality consider a firm in equilibrium producing
output y° with inputs x° such that £(x°) = y° and w°x° = C(w°, y°)

where w° is the input price vector. There is an external shock in the
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form of a change in w from w° to w'. According to the quantity adjust-
ment hypothesis the input vector wili not nbve immediately from

x° = V Clw®, 'y°) to x' = v Clw', v°) but will nove along the path x(t)
which begins at x° and ends (asynptotically, perhaps) at x'. At all
stages the path satifies the condition f(x(t)) = y° if indeed y° is

produced as we assume is the case.

Now it is evidént that for each t we can calculate the normal to
f(x) at x = x(t) which we write as w(t) and, furthermore, that
x(t) = Vwc(w(t), y°) for all t. Thus there is a path w(t) and such that
x(t) is the path of cost minimizing inputs. Therefore the path x(t) |
derived from a gquantity adjﬁstment model is identical to that which
occur if the firm faced the price path w(t) and minimized the cost of
production given y° and w(t) at each t. |

Conversely, ’for any given expected or planning price path w(t)
going from w° to w' there is an input path x(t} going from x° to x'
which may be interpreted as a path due to a quantity édjustnrent ﬁodel,
The upshot of these observations is that in principle the quantity .
aajustnent and expected or planning price models are observationaily
equivalent and hence are indistinguishable using observed data on input

quantities and prices.
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Estimating the Production Sector of ORANI

a. The Production Sector of ORBNI

In what follows I indicate suggestions regarding the estimation
of the parameters of the technology within the general context imposed
by Dixon (1975). That is, I do not concern myself with model formulations
which are alternatives to the bazicDixon model.

Each industry is assumed to produce its (single) output subject to
the available technology which is described by a production function.
This production function is a Leontief production function in that all
effective "inputs" enter in fixed (different) proportions to oﬁtput.
This extremely restrictive assumption, which inwolves zero substitutability
and constant returns to scale, is presumably made to permit use of the
ILeontief ;'nput—-output table which provides the only comprehensive
source of information on interindustry commodity flows.

The effective "inputs" are all functions of more basic inputs so
that the zero substituﬁability assumption refers only to effective
inputs not to the basic inputs. That is the prodg:tion function is

weakly separable in its arguments with theaggregator being Leontief
(1) zy5= ;Ew(fl(zl) P ,fN(zN)) = min {fl/al,. .o ,fN/aN}

where 2, denotes output, z ,zN are vectors of basic inputs,

AL
fl(zl) P ,fN(zN) are the "effective inpu and 8170,y are non-

negative constants or "effective input"-output coefficients.

- The cost function corresponding to (1) is

N

(2) Clw P W zy) = min {.E Wiz, F(fl(zl),,..,fN(zN));zo}
Zl""’ZN i=1
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and due to the separability of F this minimization problem may be
solved in two stages to get
N
(3) C(w;zo) = m;i\n{gl Ci(wi, A ) s F(}\i,...,AN) 2 zg}
where

(4) Ci(wi’ ki) = min {f.«rj_z:.L : fi(zi) > Ai}

Z.
1

is the minimum cost of producing A units of "effective inpu

i
Given that F()) is Leontief as indicated by (1) and given that
aci(-)/axi > 0 it follows that the solution to (3) will be such that
Ay =@z 0 and consequently we have that
| N

(5) C(W7ZOA) = iil Ci(wi" aiZO) .

' If we assume that fi (zi) = ¢i(gi (Xi)) where ¢ is a strictly monotonic
function and 9; (xi) 'is pogitive linear horogeneous, that is f;(z;) is

homothetic, then in general (without assuming F is Leontief) the cost

function may be written
(6) Clwi zy) = C?(Cl(wl),...,cl\](wN), zg)
where

(7) Ci(wi) = r;un {wizi : gi(xi) > 1}
i

and

(8) € (i) = e ¢7704) -
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If, in addition, F is Leontief then we get that
N v
(9) Clw,zy) = E c; w,) a2z
i=1

These results show that the cost function for the industry as a
whole may be written in special ways depending upon the assumptions
on the technology. First, weak separability and homotheticity of the
micro functions £, yield a cost function (6) which is weakly separable
in the price indices c; (w;) so that two stage minimization is valid.
Only when such indices exist can we validly talk of the price of an
"effective input" such as primary factors. Second, the assumption
that F is Ieontief in the micro functions yields the cost function (5)
which is additive in ke micro cost functions defined by (4). Here
there are no price indices for effective inputs. Third, if we assume
that F is Leontief and that the micro functions are homothetic then
the cost function is (9) which is additive and there exist price indices
defined by (7). 12

Therefore, given the Leontief structure for F, we will concern
ourselves with the estimation of the micro cost functions C; (wi, aizo) .
Actually, it is interesting to note that; since we are presumably
interested in the response of each basic input to changes in input
prices and output we may treat a; as a parameter of the ith micro
cost function and estimate C§ (wi, zo) = Ci (wi . aizo) which yield the
input demand functions z; = ac; (wi, zO) / awi. It will turn out £hat
a; will not be identified but this is not required if we are interested
only in the basic inputs not the "effective inputs".

An ’aitemative way of looking at this is to think of estimating

the parameters of fi(zi) /ai in which a; will not be identified unless
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we can observe the values taken by f,.
i

b) Estimation Procedures and Data Requirements

The fundamental difficulty in estimating the micfg production
functions fi(zi) and the input-output coefficients a, is that the
quantity of the effective input fi is not observable. What are
observable are the output level Zy the basic input quantities
ZyreerZy and the respective prices p and Wyrooo Wy If observations
on these are available over a sufficiently long period, say annual
data fof 1950-1974, then we can use regression methods to estimate
the parameters of the micro cost functions (adjusted fbi ai) Cf&ﬁi, ZO)'
given a functional form and a stochastic specification..

Are these data available? The Dixon (1975) specification shows
several different interpretations Qf the fi(zi) functions.‘ First,
for each intermediate input there are two basic inputs - domestically
supplied and foreign’supplied, Here we need time series on the price
of each source of thé input and a time series on output zy to estimate
the cost function, and of course if demand functions are to be estimated
we alsoxrequire‘series on quantities from each source uéed in the
industry. I suspect that the latter are hot available at all while the
Jformer are unlikely to be available. If this suspicion is correct
thén it is not possible to estimate the cost functions for these |
intermediate inputs. If the only sources of information are the
input-output tables for domestic inputs and foreign inputs then it would
appear that fixed coefficients would have to be assumed (given by the

single sample observation) unless some a priori information is available.
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Second, the primary facfors (land, labour and capital) combine
to form an effective input which we might term real value added.
Again to estimate this function or its dual the micro cost function,
it is necessary to have time series on the output of the industry and
either the quantities of the basic primary factor inputs or their
prices. And if demand functions are to be estimated all these series
are required. It is likely that these series are available or that they
could be constructed since government agencies usually keep relatively
good records on primary factors. It should be noted however that
the prices for the factors are the opportunity cost or user cost prices
or rentals not the asset prices. The importance of correctly defining
the rental for inputs (especially capital and land) within this context
has heen emphasized by Jorgenson and Griliches (1967), Christensen
and Jorgenson (1969, 1970) and others. For examples of research
involving the calculation of rental prices and aggregate quantity and
price indices of capital and their use in the estimation of the technology
see, for example, Berndt and Christensen é1973, 1974) and Woodland (1972,
1975) who estimated value added production functions for 10 major
industries in Canada. For recent work on index nurber forrmulae see Diewert (1976).

If these data are available then the technology may be estimated
under alternative assumptions regarding the functional form, stochastic
specification, technical change, behaviour, and the adjustment process.
These areas have been discussed in some detail in the other sections
of this report. As a practical matter I would suggest that the
estimation should begin in a fairly simple way leading up to more
sophisticatéd specifications as circumstances warrant. We now consider

these possible specifications.
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Regarding technical change it would seem appropriate, particularly
if data are poor, to not consider embodied technical change and induced
technical change at least until simpler models have been estimated.
Frbodied technical change models involve nonlinearity in the technical
change parameters and their usefulness has not been established.
Induced technical change models have not been subject to many empirical
tests and the estimating model suggested in section 4 is complex and
very nonlinear. Thus we consider only disembodied autonomous technical
change. If we assume Hicks neutrality together with homotheticity
then factor shares (and ratios) are independent of scale and technical
change and so these factors can be ignored and estimates of substitution
elasticities obtained by estimating share equations. Such an exercise
may be quite relevant for answering some questions, such as what is
the effect of an increase in the rental price of capital upon the cost
share of labour, but may only be part of the answer to other questions
such as what is the effect of an increase in the price of energy Upon
fhe share and amount of labour used in manufacturing. The latter
question involves scale and technical change factors and presumably
is what the ORANI model is all about.

If we assume that the technology is linear homogeneous then our
estimates will be consistent with long run competitive equilibrium in
which zero profits are earned. If we allow increasing returns to
scale we must interpret these scale effects as being external to the
firm to maintain the competitive assumptions. If decreasing returms
are allowed we imply the existence of fixed factors. These comments
have implications for output pricing. For those groups referring to

materials from different sources I see no reason for supposing
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non-constant returns to scale. For primary factors scale effects are
not so easily ruled out.

Thus, for those “"effective inputs" i which depend upon the source
of an intemmediate input we could assume linear homogenity in output.

For the real value added function (primary inputs) scale effects might
be estimated and special cases tested. We are left with the problem

of how to estimate the cost function for the industry with price, scale
and technical change effects. As a first approach technical change
could enter as a time variable, in the absence of suitable indices of
technical change. The simplest approach is to let t enter the individual
cost functions either in the form of factor augmenting technical change
or in a general way.

Iet us drop the i subscript and denote the inputs by x = (xl poes ,XN) .
Then our micro cost function is C(w, y, t) where y = az is the effective
input or the micro output. We can specify a functional form for C
and then estimate the input demand functions, or the share equations
and/or the cost function itself. For example, if we add terms to the'
GCD cost function in equation (17) of section 3 to get a second order
appréximation in t as well as w and y we get

' _ 2
- + . N+ : . + ba Iny + b__ (lny)
(10) InC=Dh_ i;: bij ln(wl+wj) Iny i byi Lan:L Oy Yy vy Y

| L
*ED Ay T+ dget dpt” + dplny £

: - ' . = = : extra
where f_;: bijj 1, i byl 0 and i dti 0. Thus there are an

N+2 paranreters‘ due to the inclusion of t as a variable representing

technical change. The share equations are
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: - -1 .
(ll) Si"‘ 2§ blj Wi (Wi + Wj} + lny byi + t dti l=l,. . ‘;N

which are also linear in parameters. If dti =0, i=l,...,N then shares
are independent of technical change which is one type of neutrality
that might be assumed. The effects of technical change may be
summarized by calculating aC/E)t/C = 311’3 at. A similar formulation
is possible for the TL foxm. And, of course, the second order approxi-
mation property may be given up by adding restrictions on the d parameters
to reduce the number of parameters. For example, “the" rate of
technical progress 31nC/3t = doe - a constant might be imposed.

If factor augmenting technical change is assumed with constant
rates of augmentation then the cost function is C(w*, y) where
w”ir = wi-eﬁ}‘it and }‘i is the rate of augmentation for input i. Then
in the cost fimctions (16)-(18) of section 3 we replace w by w¥* which
in general makes the resulting forms nonlinear in parameters reducing

the attractiveness of this assumption. For the TL form the cost function

reduces to (18) of section 3 in terms of w plus the term
(12) dogt + dpyt? + dyp Iny €+ € 5 dyy Inwy
) . i

where

(13) dop = -Ze,d; , 4, = -1 IZ b, MAs , dyp = =Z b_.Ag
ot 1t tt 2 ij 13 J dyt iyl

1

—:ZjbijAj 7 izl’ o0 ,No

s
If we set up a second order approximation to a general cost function
Clw, y, t) using TL we get the usual TL given by (18) of section 3 plus
(12) where the d parameters are independent of the b parameters and

satisfy %dy; = 0. Thus there are N+2 extra parameters to deal with t
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just as with the GCD (10). But under the factor augmenting hypothesis
(12) and (13) indicate that there are only N extra parameters; the
d parameters depend on the b and A parameters and so are not independent
and cannot validly be treated as such in the estimation of the cost
function. Thus the appearance of the d parameters in (12) in linear
form is deceptive. In other words the factor augmentation assumption
for the TL cost function imposes restrictions on the parameters which
need to be respected during estimation. Otherwise we are back with
the éeoond order approximation specification so there has been noigain.
Thus in the interests of simplicity of estimation the linear fomm
implie& by the second order approximation would appear to be the
appropriate form. The cost is an ektra 2 parameters. For the case of
the GCD, equations (10} and (11) with random disturbances Ugr Upseee sy
added from the estimating equations. Note that only N~1 of the share
equations are independent so any one may be dropped and the remaining
N (1 cost, N-1 share} equations may be estimated by maximum likelihood
methods using a standard program such as Chow and Fair (1971).
For the GL form we can obtain a second order approximation to
- Clw, y, t) by taking equation (16) of section 3 (a second order approxi-

mation in w and y) and adding the term
2
y(t i dtiwi + dtt t i w, + dyt t fwi/y)

which involves N+2 additional parameters just as in the case of the

TL and GCD forms. The input demand functions will be those in equation

(19) of section 3 withvthe additional terms

ytdy +dy ttay &2, i=1,. 00 N
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The form used by Parks (1970) may be regarded as a special case where
dﬁ =dpe =0 and hence does not have the second-order—approximation
property. As indicated in section 2 the Parks form may be interpreted
as a épecification of a linear form of factor augmentation. Again,
for the general form for GL the input demand finctions are linear in
parameters facilitating estimation.

For some micro group i there may be insuffiéient data to carry
out the estimation as indicated above. Indeed, there may only exist
data from one input-output table in which case any econometric
estimation is impossible. If oonstént returns to scale and fixed
coefficients (no substitution) are assumed for group i along with
constant rates of input augmentation the cost function for this group
is

=t - St
(14) Cw, azg, t) = E'I‘Wie J az, = Zg Z wj(abje 1)
] J
where the bj are the basic input-micro output coefficients. An input-
output table may be used to identify aby, the basic input-real output

coefficients, but only if the rates of augmentation >‘j are known or

assumed, say )‘j = 0.

It is clear from (14) and also true for the more general functional
forms and estimation procedures that the a parameters (one for each
micro groug will not be identified and can be set arbitrarily, say a = 1,
a reflection of the fact that the micro production fmctions are

ordinal not cardinal.
Perfect adjustment has been assumed so far. If lagged adjustment
is required then it may be incorporated as a direct quantity ‘adjustment

using the flexible accelerator form discussed in _section 5(b) ox as
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a price expectations model such as those discussed in section 5(c).

In either case the share equations do not seem to be suitable forms
so the input demand functions generated from the GL should be used.
The GL form yields demand functions linear in parameters so they may
be written as x* = Bv where B is a matrix of parameters (not all free)
and v is a vector of variables. Using the adjustment mechanism (3)

of section 5 we get the estimating equations

i

ABv.

pt (T -RAx , +u

(15) Xt 1 .

where u_ is a vector of disturbances. This is nonlinear in A and B.
It looks as if we could replace AB by matrix C in (15) so it is linear,
estimate C-and A and then get the estimate for B as B = a"lc if A is

nonsingular. However, the elements of B are not independent (e.g.

1

symmetry restrictions for some pairs) and A ~C would not respect these

restrictions. Thus we cannot avoid the mnlineafity in (15) in this
way .

Following the price expectations ér planning price approach we
replace each price by a distributed lag function of past prices since
this function is nonlinear in parameters and the demand functions are
nonlinear in prices, they are very nonlinear in pa.rameters. Thus
imperfect adjustment models require nonlinear tec}m1ques which are
certainly available but require more effort in use.

The above discussion is intended to give the menu of choices with
some recommendations for estimating :Lndustry cost functié:ns. Until
the data base is known in more detail there is little point in delving

deeper ih’m the practical aspects of the estimating procedures.
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c) An Alternative Approach to Modelling the Production Sector ?

The model outlined by Dixon (1975) and to which attention was
directed in this report is aimed at providing a detailed description
of each industry's technology. This is obviously the approach which
should be taken in setting up a model to determine the effects of
tariff and other policy changes upon resource allocation. The purpose
of this subsection is to briefly indicate an alternative approach
suggested by the possible iack of suitable time series data on industry
inputs of intermediate goods distinguished by source (domestic oﬁ
foreign). The main feature (advantage and disadvantage depending upon
the vantage point) of the approach is that it avoids using data on
and hence does not yield an explanation of interindustry flows. It
does allow us to predict the effects of prices and factor endowments
on net outputs and factor rewards.

In‘brief if we assume the production sector is perfectly competitive
with the absence of externalities and faces fixed commodity prices and
fixed endowments of primary factors it will behave as if it were a
single priée taking firm maximizing the value of net outputs subject
to the’technological and endownment constraints. If p is the price
vector, v is the net output véctor, % is the factor endowment and
T(y, - x) > 0 defines the production possibility set the competitive
solution is summarized by the function

(16) wlp, x) =z max{py : Tly, - x) 2 0}
v v

where 7 may be interpreted as a variable or gross profit function or

a gross national product function. If n is differentiable then
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(17) y = anlp, x)/op
and
(18) w = anl(p, x)/op

which are the net output supply functions (17) andvthe shadow price
functions for fixed factors (18). In sections 2 and 3 we indicated thatr
there exist second order approximation forms for = which yield supply
and price functions lineaf in parameters thus facilitating estimation.
The parameters of m may be estimated by estimating (17) for which we
require time series on the price vector p, the net output vector y and
the resource f/ector X. No industry specific data arerequired!

The commodities would include all sorts of outputs, and all
"variable" inputs which may be purchased outside the production
sector. Included here would be imported inputs of various kinds. Thus
(17) contains the import demand functions as well as the output supply
functions. Furthermore the input vector might contain the total amount
of available unskilled labour assﬁning it is perfectly mobile or for
immobile factors (in short run) such as fixed capital separate elements
might be given to each industry. Thus the approach is fairly general
within its competitive assumptions.

Obviously one would l:ike to have ccmrédities and inputs disaggregated
as much as possible (e.g. commodities as per input-output table;
capital by .:Lndustry, labour by occupation, etc.) but the dimension of
the estimating equations wouldbeco%ne prohibitive. Restrictions would
have to be imposed. The obvious restriction is that = is separable
in groups of commodities and factors. For example one such separability

assurption leads to
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(19) W(p: X) = ¥ (r (P )r-~*rrA (P ){ £q(x )r---rf ( ))
1'F1 TR A Ny

where r; (pi) is a price index for commodity group i (p; is a vector)

and £, (xi) is a gquantity index for factor group i (x; is a vector) .

For example, the commodity groups might be consumer goods, investment
goods, energy, primary goods, and materials while the factor groups
might be the industry value added functions, i.e. classified on an
industry basis, or land, labour, fixed capital, and equipment.

If capital is distinguished by sector then it must be assumed
immobile in the short run. If as Dixon (1975) suggests there is a
Fixed dollar value of investment in new capital which is to be allocated
among industries the shadow price of capital in industry i (factor i,
say) is obviously relevant 4and since it is W, = 3w/ 90X, it is readily
obtained from the estimated n(p, x). Specifically, given the rate
of interest on bonds, the capital taxation schedules, the depreciation
rates and the asset prices of new capital we can calculate rental
prices or opportunity cost prices for capital in each industry and
allocate the investment budget to maximize the return to capital.

That is, we solve, assuming x is all capital for simplicity of notation,

(20) max{r(p, x) - rx : glx =X 2V}
x

where r is the vector of rentals (opportunity costs), % is the end of
year capital stock vector, g is the capital asset price vector, and V

is the dollar value of net investment. The solution for x(p, X, ¥, q, V)

is obtained from

(21) an/axi - ri ay

/3%, - r-
J
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if all funds are spent. Thus the variable profit function approach
appears useful not only in obviating the need for industry data but
also in simplifying the analysis of the allocation of investment.
Of course, the industry cost functions may be set up with capital
fixed yielding a shadow rental in the same way.

For a first attempt at estimating a variable profit function for

the production sector see Kohli (1975).
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FOOTNOTES

The duality theorems derived by Diewert (1973b) are expressed in
terms of the asymmetric fromy,; = t*(y;, v,)

= max {yll' t(yll, Yir ¥y) = 0} where yy; is thev first element
of vector yl,le Y = (yll ’ yl) This form is used since its
properties are easier to characterize.

In terms of the transformation function we have that t{y, -x) =
from which we derive the production function

vy =£fx =max {y: tly, =x) =0} .

The function £*(x) = max {y: wx 2 Cw, y), w > 0}
coincides with f({x) and hence indicates how to reconstruct f.

Since 1/r (y) = Bg(y) \4 we have that
oy g(y)

d lng = 3gly) = (y r(y)) which, upon integration, yields
3y
the functional form for g: gl(y) = k(ye By )Jz{f1 where k is a constant of
integration. ‘
For a discussion of this see Diamond and McFadden (1965) .

A detailed account of separability is provided by Blackorby, Primont
and Russell (1877).

Since constant returns to scale is assumed.
The idea of "epochs" was also used by Brown (1966) .

For a comprehensive theoretical treatment see Nordhaus (1969b).

We use the convention that bi = Ei/bi where Ei = dby/dt.

Recall that constant returns to scale are assumed.

For a survey of the theory of aggregatlon see Blackorby, Primont
and Russell (1975, 1977).



e
REFERENCES

Afriat, 8. N., "Efficiency Estimation of Production Functions®,
IER, October 1972, 568-598.

Ahmad, S., "On the Theory of Induced frmovations®, EJ June 1966,
344~357. -

Aigner, D. and S. Chu, "On Estimating the Industry Production
Function", AER September 1968, 826-839.

Arrow, K. J., "The Measurement of Real Value Added", Technical Report
‘ #60, Institute for Mathematiéal Studies in the Social Sciences,
Stanford University, June 1972,

Arrow, K. J., Chenery, H. B., Minhas, B. S., and R. M. Solow,
"Capital~Labour Substitution and Economic Efficiency",
RE stat, August 1961, 225~250.

Berglas, E., "Investment and Technological Change"‘, JPE, April 1965,
173-180.

Berndt, E. R. and L. R. Christensen, "The Internal Structure of
' Functional Relationships: Separability, Substitution and
Aggregation®, RES, July 1973, 403-410.

; "The Translog Function and
the Substitution of Equipment, Structures, and Labor in
U.S. Manufacturing, 1929-68", J Econometrics, 1973,
81-114.

. "Testing for the Existence of
a Consistent Aggregate Index of Labour Inputs", AER
June 1974, 391-404.

Berndt, E. R. and D. O. Wood, "Technology, Ptices, and the Derived
Demand for Energy", RE Stat, August 1975, 259-268.

Binswanger, H. P., "A Microeconomic Approach to Induced Technical
Change", EJ December 1974, 940-958.

Blackorby, C., C. A. K. Iovell, and M. C. Thursby, "Extended Hicks
Neutral Technical Change", Discussion Paper #75-25, ‘
University of British qum\bia, October 1975.

Blackorby, C., Primont, D. and R.R. Russell, "Budgeting, Decen-
tralization, and Aggregation", Annals of Econcmic and
Social Measurement, Winter 1975, 23~-44,

Blackorby, C., Primont, D. and R.R. Russell, Duality, Separability
: and Functional Structure: Theory and Applications,
American Elsevier, 1977 forthcoming.

Brown, M., On the Theory and Measurement of Technological Change,
Canbridge, Cambridge Press, 1966.

Brown, M. (Ed.), The Theory and Empirical Analysis of Production,
‘ (NBER, New York, 1967}. ‘




—83w

- Burmeister, E. and R. Dobell, "Disembodied Technological Change with
Several Factors", JET June 1969, 1-8.

Burgess, D. F., "A Cost Minimization Approach to Import Demand
Functions"”, RE Stat May 1974, 225-234.

, "Production Theory and the Derived Demand for
Tmports", JIE, May 1974,

Chow, G. C. and R. C. Fair, "Maximum Likelihood Estimation of Linear
Fguation Systems with Auto-Regressive Residuals”,
Princeton University, Econometric Research Program,
Research Memorandum #118, September 1971.

Christensen, L. R. and D. W. Jorgenson, "The Measurement of U.S.
Capital Input, 1929-1967", Review of Income and Wealth,

Decerber 1969, 293~320.

, "U. S. Real Product and
Real Factor Input, 1929-1967", Review of Income and
Wealth, March 1970,

Christensen, L. Rs., Jorgenson, D. W., and L. J. Lau, "Conjugate
Duality-and the Transcendental Logarithmic Production
Function", (abstract) Eu July 1971, 255-256.

Cobb, C. and P. H. Douglas, "A Theory of Production”, AER,
1928, 139-165.

Coen, R. M. and B. G. Hickman, "Constrained Joint Estimation of
Factor Demand and Production Functions”, RE Stat, August
1970, 287-300.

David, P. and T. Vande Klundut, "Biased Efficiency Growth in the
U.S.", AER, June 1965, 257-3%4.

Debreu, G., Theory of Value, New York, John Wiley and Sons, 1959.

Denny, M., "The Relationship Between Functional Forms for the
Production System", CJE, February 1974, 21-31.

Diamond, P. A. and D. McFadden, "Identification of the Elasticity
of Substitution and the Bias of Technical Change: An
Impossibility Theorem", Working Paper #62, Institute of
Business and Economic Research, University of California,
Berkeley, March 1965.

Diewert, W. E., "An Application of the Shephard Duality Theorem:
A Generalized Ieontief Production Function", JPE,
May/June 1971, 481-507.



84
Diewert, W.E., "Separability and a Generalization of the Cobb-
Douglas Cost, Production and Indirect Utility Functicns",
Research Branch, Department of Manpower and Immigration
Ottawa, January 1973. Revised version to appear in
An Econometric Approach to Production Theory, edited by
M. Fuss & D. McFadden.

, "Exact ard Superlative Index Nurbers"”, J. Econometrics,
4, 1976, 115~145. : ~

. '.'Functional Forms for Revenue and Factor Requirements
Functions", IER, February 1974, 119-130.

» "Applications gf Duality Theory", in Intriligator,
M.D. ar'xd D.A. Kendrick (Ed.), Frontiers of Quantitative
Economics, Volume II, Amsterdam, North Holland Publishing

Company, 1974,

; "Hicks' Aggregation Theorem and the Existence of
a Real Value Added Function", mimeo (revised) ; October 1975.

R "Functional Forms for Profit and Transformation
Functions™, JET, June 1973, 284-316. :

Dixon, P., "Notes on the Theoretical Structure of a Proposed Model
of Protection", mimeo, March 1975.

Duncan, R. C. and H. P. Binswanger, "Production Parameters in
Australian Manufacturing Industries", mimeo, 1974.

‘ ; "Factor Biases and Induced
Innovation in Australian Manufacturing"”, mimeo, 1974.

» "Energy Sources: Substitutability
and Biases in Australia®, 1974, to appear in Australian
Economic Papers.

Eisner, R. and R. H. Strotz, "Determinants of Business Investment",
in Commission on Money and Credit, Impacts of Monetary
Policy, Englewood Cliffs, Prentice~Hall, 1963, 59-337.

Farrel, J. M., "The Measurement of Economic Efficiepcy", J of
Royal Statistical Society, Series A, Part 2, 1957, 253-281.

Fellner, W., "Measures of Technological Progress in the Light of
Recent Growth Theories", AER, December 1967, 1073-1098.

Ferguson, C. E., "Time-Series Production Functions and Technological
Progress in American Manufacturing Industry", JPE, April
1965, 135-147. , : D

Fishelon, G., "Relative Shares of ILabor and Capital in Agriculture:
A Subarid Area Israel, 1952-1969", RE Stat, August 1974,
348-352. :

Fisher, F. M., “BEmbodied Technology and the Aggregation of Fixed
and Movable Capital Goods", RES, October 1968, 417-428.

, "The Existence of Aggregate Production Functions",
Tm, October 1969, 553-577. o |




-85~

Fuss, 1. A., "The Structure of Technology over Time: A Mxdel for
Testing the 'Putty-Clay' Hypothesis", Discussion Paper
#141 (Revised), Harvard Institute for Economic Research,
April 1972.

Geiss, C., “Computations of Critical Efficiencies and the Extension
of Farrel's Method in Production Analysis", mimeo,
February 1971.

Gorman, W. M., "Production Functions in which the Elasticities
of Substitution Stand in Fixed Proportions to Each
Other", RES, 1965, 217-224.

Gould, J. P., "Adjustment Costs in the Theory of Investment of the
Firm", RES, January 1968, 47-56.

Griliches, Z., "Research Expenditures, Education and the Aggregate
Agricultural Production Function®, AER, Deceamber 1964,

961-974.

Hanoch, G., "CRESH Production Functions", Em, September 1971,
695-712.

Hanoch, G., "Production and Demand Models with Direct or Indirect
Additivity", Econometrica 43:3, May 1975, 395-419.

Hanoch, G. and M. Rothschild, "Testing the Assumptions of Production
Theory: A Non-parametric Approach", JPE, 80, 256-275.

Hicks, J. R., The Theory of Wages, London, McMillan and Co. Ltd.,
1932.

Intriligator, M. D., "Embodied Technical Change and Productivity
in the U.S., 1929-1958", RE Stat, February 1965, 65-70.

Jorgenson, D. W., "The Embodiment . Hypothesis", JPE, February 1966,
1-17.

, "Econometric Studies of Investment Behaviour:
A Survey", JE Literature, December 1971, 1111-1147.

Jorgenson, D. W. and Z. Griliches, "The Explanation of Productivity
Change", RES, July 1967, 249-283.

Jorgenson, D. W. and L. J. Lau, "The Duality of Technology and
Economic Behavior", RES, April 1974, 181-200.

Kadiyala, K.R., "Production Functions and Elasthlty of Substitution”,
SEJ 38:3, January 1972, 281-284. ,

 Kaldor, N,, "A Model of Economic Growth", EJ, December 1957, 591-624.



—-86-

Kamien, M.I. and N.L. Schwartz, "Optimal "Induced’ Technical
Change", Em, January 1968, 1-17.

Kamien, M.I.Pand N.L. Schwartz, "Induced Factor Augmenting Technical
rogress from a Microeconomic Viewpoint," Econometric
October 1969, 668-684. ’ o

Klein, L.R., A Textbook of Econometrics, Evanston, 1953.

; "Isgues in Econometric Studies of Investment Behaviour",
Ji Literature, March 1974, 43-48,

Kennedy, C., "Induced Bias in Innovation and the Theory of
Distribution", EJ, Septamber 1964, 541-547.

Kennedy, C., and A. P. Thirwall, "Surveys in Aplied Economics:
Technical Progress", EJ March 1972, 11-72. :

Kohli, U. J. R., "Canadian Technology and Derived Import Demand
and Export Supply Functions®, Ph. D. Thesis, University of
British Columbia, October 1975.

Kotowitz, Y, "Capital-Labour Substitution in Canadian‘Manufacturing
1926-39 and 1946-61", CJE August 1968, 619-632.

Lau, L.J., "Scome Applications of Profit Functions®, Memorandum
486-A, Research Center in Economic Growth, Stanfo;d .
University, November 1969. Revised version "Applications
of Profit Functions" to appear in Fuss and McFadden (Ed.)
An Econcmetric Approach to Production Theory North Holland,

1976. :

, "Profit Functions of Technologies with Multiple Inputs
and Outputs"”, RE Stat, August 1972, 281-289.

, "Comments", in Intriligator, M. D. and D. A. Kendrick
(Eds.), Frontiers of Quantitative Economics, Vol. II,
Amsterdam, North Holland Publishing Compnay, 1974.

leontief, W. W., "Introduction to a Theory of the Internal Structure
of Functional Relationships"”, Em October 1947, 361-373.

Levhari, D., "Further Implications of Learning by Doing", RES
January 1966, 31-38.

., "Extensions of Arrow's "Learning by Doing'", RES
April 1966, 117-132.

Lovell, C.A. Knox, "Eatimation and Prediction with CES and VES
Production Functions", IER October 1973, 676-692.

, "CES and VES Production Functions in a Cross-
Section Context", JPE May/June 1973, 705-720.

, "Capacity Utilization and Production Function
Fetimation in Postwar American Manufacturing", QJE
May 1968, 219-239.




-87-

Iy, Y., and Lf B. Fletcher, "A Generalization of the CES Preoduction
Function", EE Stat November 1968, 449-452,

Lucas, R. E., "Tests of a Capital-Theoretic Model of Technological
Change", RES April 1967, 175-189.

, "Optimal Investment Policy and the Flexible Accelerator",
IER February 1967, 78-85.

Lydall, H. F., "Technical Progress in Australian Manufacturing”,
EJ December 1968, 807-826.

McCarthy, M. D., "Embodied and Disembodied Technical Progress in
the CES Production Function”, RE Stat February 1965, 71-75.

Morishima, M. and M. Saito, "An Economic Test of Sir John Hicks®
Theory of Biased Induced Inventions®, in J. N. Wolfe
(EQ) , Value, Capital, and Growth, Edinburgh University
Press, Edinburgh, 1968, 415-444. '

Mukurji, V., "A Generalized SMAC Function with Constant Ratios of
Elasticities of Substitution”, RES, 1963,
233-236.

Mindlak, Y., "Functional Forms of Production Functions - A Survey",
mimeo, May 1973.

, "Estimation of Production Functions —~ A Survey",
mimeo, June 1973.

Nadiri, M. I., "Some Approaches to the Theory and Measgrezrent of
Total Factor Productivity: A Survey", JE Literature,
December 1970, 1137-1177.

Nadiri, M. I. and S. Rosen, "Interrelated Factor Demand Functions", AER
‘ September 1969, 457-471.
Nadiri, M.I. and S. Rosen, A Disequilibrium Model of Demand for

Factors of Production, Columbia University Press (for
NBER) , 1973,

Nelson, R. R., "Aggregate Production Functions", AER September 1964,
575~606. ' ‘

Nerlove, M., "Returns to Scale in Electricity Supply", in Christ,
C. F. (Ed.), Measurement in Economics: Studies in
Mathematical Economics and Econometrics in Memory
Of Yehuda Gmunfeld, Stanford, Stanford University
Press, 1963.

y "Reéent Empirical Studies of the CES and Related
Production Functions", J,n Brown {1967) 55-121.

, "Notes on the Production and Derived Demand Relations
Tncluded in Macro-Ecorometric Models", IER, June 1967,
223-242.



88—

Nordhaus, W. D., "An Economic Theory of Technological Change",
AER, May 1969, 18-28.

Nordhaus, W.D., Invention, Growth and Welfare, The M.I.T. Press, 1969.

parks, R.W., "Price Responsiveness of Factor Utilization in Swedish
Manufacturing, 1870-1950", RE Stat May 1971, 129-139,

Rapping, L., “Learning and World War II Production Functions",
RE Stat, February 1965, 81-86.

Revankar, N.S., "A Class of Variable Elasticity of Substitution
Production Functions", Em, January 1971, 61-72.

Russell, R.R., "Functional Separability and Partial Elasticities of
Substitution”, RES, January 1975, 79-85..

Samuelson, P.A., "A Theory of Induced Innovation Along Kennedy-
Welisacker Lines", RE Stat, November 1965, 79-85.

Sargan, J.D., "Production Functions”, in P.R.G. Layard, J.D. Sargan,
M.E. Ager, and D.L. Jones, Qualified Manpower and Economic
Performance, London: Penguin Press.

Sato, R., "A Two-Level Constant-Elasticity-of<Substitution Production
Function", RES, April 1967, 201-218.

"The Estimation of Biased Technical Progress and the Productmn
Function", IER, June 1970, 179-208.

Sato, R. and M. J. Beckmann, "Neutral Inventions and Production
Punctions", RES, January 1968, 57-66.

Schramm, R., "The Influence of Relative Prices, Production Conditions
and Adjustment Costs on Investment Behaviour", RES, July
1970, 361-376.

Shephard, R. W., Cost and Production Functions, Prmceton, Princeton
University Press, 1953.

r Theory of Cost and Production Functions, Princeton,
Princeton University Press, 1970.

Sheshinski, E., "Tests of the 'Learning by Doing' Hypothesis",
RE Stat, November 1967, 568-578.

Solow, R. M., "Investment and Technical Progress"”, in Arrow, K. J.,
Karlin, S., and P. Suppes (Eds.), Mathematical Methods
in the Social SCLences, Stanford, Stanford Unmver&ty Press,

1960.

, "Technical Progress, Capital Formation, and Economic:
"Growth", AER, May 1962, 76-86.

, "Recent Developments in the Theory of Production”, in
Brown (1967), 25-49,




_go-

Szakolczai, G., and J. Stahl, "Increasing or Decreasing Returns to
Scale in the Constant Elasticity of Substitution Production
Function”, RE Stat, February 1969, 84-90.

Timmer, C.P., "Using a Probabilistic Frontier Production Function to
Measure Technical Efficiency”, JPE, Vol. 79, 1971, 776-794.

Treadway, A.B., "The Rational Multivariate Flexible Accelerator”,
Em, September 1971, 845-855.

Tsurumi, H., "Nonlinear Two-Stage Least Squares Estimation of CES
Production Functions Applied to the Canadian Manufacturing
Industries, 1926-1939, 1946-1967", RE Stat, May 1970, 200-207.

Uzawa, H., "Production Functions with Constant Elasticities of
Substitution®, RES, October 1962, 291-299.

« "'Duality Principles in the Theory of Cost and Production®,
IER, May 1964, 216-220.

Walters, A. A., "Production and Cost Functions: An Econometric
Survey", Em, January-April, 1963, 1-66. -

Wninston, G. C., "The Theory of Capital Utilization and Idleness"”,
JE Literature, December 1974, 1301-1320.

Wickens, M. R., "Estimation of the Vintage Cobb-Douglas Production
Function for the United States 1900-1960", RE Stat, May
1870, 187-193.

Woodland, A. D., "The Construction of Price and Quantity Components
of Inputs for Canadian Industries, 1927-1969", Research
Branch, Department of Manpower and Immigration, Canada, 1972.

, "Bstimation of a Variable Profit and Planning Price
Functions for Canadian Manufacturing, 1947-1970", Discussion
Paper #13, School of Economics, University of New South
Wales, September 1974.

, "Substitution of Structures, Equipment and Labour
in Canadian Production®, IER, February 1975, 171-187.

Zellner, A., "An Efficient Method of Estimating Seemingly Unrelated
Regressions and Tests for Aggregation Bias", JASA ,
June 1962, 348-368.

Zz1lner, A., and N. S. Revankar, "Generalized Production Functions",
RES, April 1969, 241-250.



~90-

.Abbreviations of Journal Titles

EJ

AER

RE Stat

JPE

RES

J. Econometrics
JET-

JIE

Em

CJE

TER

JE Literature
JASA

SEJ

QJE

The Economic Journal

The American Economic Review

The Review of Economics and Statistics

The Journal of Political Economy

The Review of Economic Studies

Journal of Econometrics

The Journal of Economic Theory

The Journal of International Economics
Econometrica

The Canadian Journal of Economics

The International Economic Review

The Journal of Economic Literature

The Journal of the American Statistical Association
The Southern Economic Journal , ]
The Quarterly Journal of Econcmics



