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COMPUTABLE MODELS OF INVESTMENT WITH FORESIGHT

by
Peter J. Wilcoxen

1. INTRODUCTION

Many economic activities explicitly require agents to form and act upon
expectations of future conditions. The process of using current information to
predict future variables, referved to here as foresight, is often ignored in
quantitative models, particularly those which are most concerned with the short
run. Even in the short run, however, some variables, such as investment, may
be highly elastic with respect to expectations about the future. This poses no
problem as long as the range of experiments considered is restricted to those
in which agents' expectations could reasonably be assumed to be fixed. 1In this
paper, however, it will be argued that investment, in particular, does respond
strongly to changes in expectations, and the additional effort required to
model foresight is well justified by the consequent increase in accuracy and

applicability of the model.

Improving models in which foresight plays a significant role generally
requires solving an intertemporal maximization problem. Setting up the model
and finding its first-order conditions is usually feasible; in a qualitative
model this is all that is necessary. A quantitative model, however, will need
the explicit form of the optimal path, and to find this it will be necessary to
solve the system of differential equations given by the first-order conditions.
This second step is really the crux of the problem, as it is often impossible
to do analytically. For this reason, many models of intertemporal optimization
have simply been left as first-order conditions, and only their steady state

properties have been studied. The work described here is an effort to proceed



further, at least in the study of corporate investment, by using numerical
techniques to find the actual optimal path of investment given agents'
expectations about future prices and taxes. Although the focus here is on
investment, the techuniques used are applicable to many other problems involving

foresight.

Modelling the effect of foresight on investment provides two major
benefits: it increases the domain of possible policy experiments which can be
studied with a given model, and it also provides a rigorous treatment of the
value of the firm. Expectations will be crucial in determining the difference
between temporary and permanent policies; surprise and anticipated policies;
and policies carried out over a long period of time in & number of steps.
Also, since the market value of the firm is accounted for correctly, it is
possible to contrast the windfall gains or losses to equity owners as the

result of different policies.

Several small models were developed to assess both the importance of
foresight-related effects and the difficulties involved in numerical analysis
of such problems. From the results obtained it is clear that information about
future policies can have quite a large effect on current variables such as
investment. Furthermore, comparisons of numerical and analytical solutions,
‘where possible, iundicate that accurate numerical results can be obtained easily
and inexpensively. 1In this paper, the importance of foresight will be studied;
a companion piece, Wilcoxen (1985), hereafter referred to as the "technical

paper," discusses computational considerations in detail.
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1.1 Notational Counventions

The only unusual notation used here is that the time derivative of a
variable is denoted by the prime symbol (") rather than the usual dot. 1In
addition, almost every variable of any importance is an implicit function of
time and this dependence will usually be suppressed; the interest rate, for
example, will be referred to as r rather than r(t). This also applies to
agents' expectations: they expect variables to follow some particular path, not

just to be a given value for the rest of time.
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2. FORESIGHT

The specific problem considered here is the firm's choice of its investment
path to maximize its market value given expected future prices and taxes. Two
related topies can be studied: how the firm behaves for a given expected path
of exogenous variables, and how its behaviour changes with changes in the
information used to form those expectations. This paper deals primarily with
the former question: the focus will be on solving the firm's planning problem
for a given set of information, First, however, it is useful to make explicit

what is meant by expectations.

The current paper explores only a very simple case of expectations
formation: agents assign probability one to a particular path of each exogenous
variable, the path chosen depeunding on the current information set. For
example, if the government declares that the dividend taxz will rise by 10%Z in
ten years and then remain at that level forever, agents believe the tax will do
exactly that. Some preliminary results are also preseated for cases in which
firms never believe government announcements and only react when policies are
actually implemented. Intermediate degrees of confidence in government

announcements would also be interesting.

Finally, the present analysis is strictly partial equilibrium and confined
to investment by a single firm or industry: agents' expectations are not
required to be consistent with the consequences of the firm's behaviour. In
fact, the outcome of the firm's planning process has no effect on its
expectations of future variables; the expected price of the firm's output, for

example, is unaffected by the firm's investment plan.



3. MAXIMIZING EXPECTED VALUE

What actually determines investment by real firms is a matter of
conjecture, but one plausible assumption is that a firm chooses investment to
maximize its current market value. Harket value, however, is determined by
equity owners' expectations of the firm's future profitability. 1In solving its
optimization problem the firm selects the level of investment which maximizes
its stock price given the expectations of its owners. For the information set
prevailing at any particular time, the path of these expectations is given for
the entire future, so solving the firm's problem will generate a planned
investment program lasting forever. As actual time passes, the information set
will change and so will the optimal investment program, but the focus here will
be on determining a single optimal path for a given set of expectatiﬁns. In
the following sections the formal structure of the value maximization problem

will be developed and several models will be presented.

3.1 Problem Structure

In the short run capital is fixed and the firm chooses variable inputs to
maximize short run profits. The function giving profit in terms of product
price, factor prices, and capital is called the earnings function. Out of
earnings the firm may either pay dividends to holders of equity or it may
retain the earnings for investment in capital goods. Models in this paper
assume the number of outstanding shares of stock is constant and that the firm

does not borrow, so investment is entirely determined by retained earnings.



The general short run problem is thus:

wax  plglq — wkL ,
L

subject to q = q(L,K) ,
where L represents all productive factors other than capital. The solution to

this problem is an earnings function of the form E(K,w,P).

S

To make this more concrete, consider the case where q is a Cobb-Douglas
function of labour and capital and the firm takes prices as given. If the
production function is:

e, 1-€
q ="L Kl

¥
then the earnings function can be shown to be:

B(Ryw,p) = (L2 )( £2 )%,

which can be written E(K,w,p)} = B{w,p)X for convenience. This separability is
characteristic of production functions which have constant returns to scale,
although for other formulations the function f will be different. Finally,
expected future earnings may be computed by taking the expectation of function
E at some time in the Ffuture, given the current information set. At this point
the short run problem is completely solved and what remains is to determine the

firm's optimal investwent path.

it is assumed here that the firm chooses investment to maximize its market
value and, furthermore, that equity owners are indifferent between receiving

their return as dividends or capital gains. Although unrealistic for an
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individual investor, this is not unreasonable for the market as a whole because
of the large number of financial instruments which exist to convert capital
gains into dividend streams. 1In practice dividends also have a signalling
function because the firm typically has better information about its prospects
than its shareholders; this role has been ignored in the current paper, but the
models developed could be extended to allow dividend policy to be one of the
firm's control variables. Finally, it is not clear that management itself is
indifferent between dividends and retained earnings, and this may tend to
distort the firm's behaviour in favour of investment. 1In response, equity
owners may demand a relatively constant dividend rate, at the expense of
potential capital gains, in order to reduce the moral hazard problem of hired
management. ¥or all these reasons, the assumption that dividends and capital
gains are equivalent forms of return is unrealistic, and many interesting

extensions of the models presented here are possible.

Continuing the development of the optimal investment problem, arbitrage
with other assets will ensure that the return to holding the firm's equity will

just equal the interest rate, so the following condition holds:
r{t)v(e) = D(e) + v (r) .

Solving this differential equation gives the value of the firm as a function of
its dividend stream and the interest rate. The equation can be solved using
the integrating factor:

t
exp( -/ r{s)ds ) ,
0

and the fundamental theorem of the calculus to give:

u t
lim { V(uwlexp( -] r(s)ds ) ) = V(tdexp( =/ r(s)ds ) =
uro 0 0

«© u
-/ Dlulexp( =/ r(s)ds )du .
t 0



-

The present value of the firm will be required to be finite as time goes to
infinity, so the leftmost term must be zero (or constant) and the firm's value
must grow more slowly than the interest rate. Technically, this is known as a
transversality condition and its implications are discussed in section 4.3.
Setting the limit to zero gives the following expression for the value of the

£irm:

@ u
v(t) = [ Dluwexp( - r(s)ds )du .
t t

Recognizing that the dividend stream is an expectation (as is the interest
rate path) determined by the information set 2 which prevailed when planning

was done, the expression may be written:

© u
V(t;QT) = [ £( D(wexp( - x(s)ds )| QT Jdu .
£ t

Assuming for algebraic simplicity that r is expected to be constant, the value

fuaction may be written compactly as:

Vt(t) = ft Dt(u)exp(~r1(u~t))du s

where subscripts indicate variables which are expectations conditioned by

information set Q.

Dividends are the residual remaining after the firm allocates its
expenditure on investment, C{I,K):
p(t) = EC R(t),w(t),plt) ) - ¢( I(e),R (¢} ) .

The investment cost function is of fundamental importance because its form
determines the firm's behaviour. 1In the simplest case, with no costs to

changing the capital stock other than buying the capital goods, C{(I,K) is just:

c(x) =pP1I.
) k



More interesting is the behaviour arising from cost functions which include a

premium for changing the capital stock; a typical example is:

C(1) = Pkl( 1+¢(0) ),

where ¢ is usually taken to be increasing in investment. Here the firm is
penalized for high levels of investment, and this additional cost may slow the
firm’s attainment of a given level of capital. Both the form of the earnings
function and that of the investment cost function will be examined in more
detail but first it is useful to solve a simple model to make the discussion

more concrete,

3.2 Example: Zero Adjustment Costs

The firm's long run problem is to select its investment path so as to

maximize its expected value at all points in time. Formally, it must solve:

o u
max | D_(wexp( =f r_(s)ds ddu ,
() £ ¥ e

subject to K =1~8K.
(An additional constraint often made is that investment be non—negative; here
it will be assumed that such a constraint would be non-binding, which will be
valid as long as the investment path gemerated is actually positive.) If the
interest rate is expected to be constant in the future the maximand is just:

ft DT(u)exp( -rT(u-t) Jdu .

Inserting the profit and cost functions from above gives the following problem:

max [ (B _{w,p)RK - P I Jexp( -r (u~t) )du .
10 & k ¥

subject to K° = I - 8K .
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This is a straightforward optimal control problem which may be solved by

forming the Hamiltonian and finding the first-order conditions as shown:

H= ( Br(w,p)K - PkI Yexp( —rt(u—t) Y+ AT -8K ),

= —Pkexp( *rr(u~t) Y+ A =0,

o
[al]

o
R

= Btexp( —rT(u—t) Yy - 8A = A",

ol
)

X =1 =-8K =K

The multiplier A is a function of time which gives the effect on the firm's
present value of a change in its capital stock at some time in the future. The
problem can be simplified by introducing another function, A, which gives the

effect of an extra unit of capital on the current value of the firm. Thus:

A = hexp( -rt(u~t) ),

and the first-order conditions become:

A o= Pk s (3.2.1)
o= ( x +0 W o- B s ) (3.2.2)
K° = 1+ 68K . (3.2.3)

Because of their simple structure, these equations can be solved analytically.

The solution to the second equation is obtained by separating variables,

multiplying by the appropriate integrating factor, and integrating to obtain:
«

M) =] Bcexp( -(r1+6)(u—t) Jdu .
t

The multiplier A is the present value of the stream of marginal earnings of an
extra unit of capital, divided by the user cost. To see this, evaluate the
integral when B is constant, assuming that the multiplier grows more slowly

than r+6, to obtain the following:

g
AE) = et (3.2.4)
(rT+6)




-11~

Recall that B is the expected marginal value of an extra unit of capital, and
that r+5 is the user cost of one unit of capital. 1In a price—taking
equilibrium, the firm will buy capital until either the price of capital or the
price of the firm's output changes. Then equation 3.2.1 will be satisfied: A

will just equal the cost of an additional unit of capital.

3.3 The General Problem

Having studied the simple examples above, it is useful to develop a general
structure which may be applied to analyze a number of specific models.
Attention will be focused on the class of models for which the firm's

investment problem is of the form:

= u
wax [ ( E_(K) - ¢_(I,K) )(I—Td)exp( -f  r_ds)du, (3.3.1)
10 ¢ T g T e T :
subject to K = 1 - 6K, (3.3.2)

where T4 s the tax on dividends. Resolving the expectation operation can be
fairly difficult depending on the structure of agents' expectations. The
previous example avoided this problem because the agents had very simple
expectations about the future; they believed certain parameters would hold with
probability one. An interesting extension would be to consider expectations
which have a non-trivial distribution: the government's policy announcements
are assigned a probability less than one of being enacted. This would be
particularly relevant in the case of a policy for which the implementation date
is far in the future. Implementing the policy gradually using a number of
small steps is one way to establish credibility, and a numerical example of
this will be discussed in section 5.3.3. 1In the rest of the paper agents will

expect a particular path of exogenous variables with probability one.
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In the above problem no formal restriction is made on the sign of
investment, so the models considered are applicable ouly when gross investment
is positive and capital leaves the industry only by depreciation. Relaxing
this restriction would be interesting because some sort of market for used
capital often exists; disinvestment occurs when the dividen& stream from the
marginal unit of capital falls below its sales price. As in the model above,
it will be assumed that gross investment will be positive and a formal

constraint, had one been specified, would be satisfied automatically.

Forming the Hamiltonian and finding the first-order conditions in currenmt

value form gives the following:

A= ( ?.EE)(I-T“) (3.3.3)

31 2 i
3E_ oC

R e ya-td, (3.3.4)

K =1 - 6K. (3.3.5)

These conditions apply to any problem of the form given by equations 3.3.1 and
3.3.7 and, when combined with a number of boundary conditions, provide a full,
albeit implicit, description of the optimal path of investment over time. The
next step.is to find the explicit form of the investment path by inserting
appropriate earnings and investment cost functions into the conditions above,
and solving the resulting system of differential equations. In general, this

turns out to be substantially more difficult than finding the first-order

conditions; in essence the process is integration rather than differentiation.

The first model developed is only slightly more complicated than the
zero-adjustment cost model above, but it produces striking results. The
earnings function again has comstant returns to scale, but the investment cost

function will be modified to include linear adjustment costs.
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3.4 Constant Returns to Scale Model

Much more interesting than the zero adjustment cost case is the situation
which arises when investment costs are not linear in investment. In general,
this will cause it to be suboptimal for the firm to jump immediately to the new
equilibrium in the event of a change in expectations. The model constructed in
this section is very simple yet it allows a number of interesting experiments
to be performed regarding changes in expectations, and illustrates the effect

of nonlinear investment costs.

To begin with, suppose the investment cost function is given by:
s
e =7 IC 1 +¢(1) HU-1),

where T% i5 an investment subsidy provided by the government to lower the

purchase price of capital. Now consider the case where adjustment costs are

linear in investment, so ¢ may be written as shown:
¢(1) =y + 81,
Inserting this into the cost function gives the following:

2
c(1) PkI( Iy ) + GPkI .

The earnings function used will be the same as that of section 3.2:
E(K) = BTK.

The general first~order conditions derived in the previous section may now

be applied to generate this model's first-order conditions, which are shown

below:
A= Cr () + 207, 1 Y-, (3.4.1)
.. o ged
o= (e - g, (3.4.2)

K* =1 ~ 8K. (3.4.3)
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The second equation may be solved directly to obtain the function A over time;
the first equation then is used to find investment as a function of A. In the
previous model, the firm would simply jump to the new optimal level of capital
if a change in B and hence A occurred. Now, new investment will be finite and

determined by A. Equation 3.4.1 can be solved explicitly for a function I(A):

1 A

==

8 d
26 Pk(l Tt)(l TT)

- (1) ). (3.4.4)

The term X/Pk has special significance because it is the ratio of the firm's
market value to its capital cost at the margin. Suppose for the moment that B
is expected to be constant in the future. Then, following the technique used
in section 3.2, the condition below may be derived:
d
IS —‘61(1 TT)

P Pk(r1+6)

where Pk(r€+6) is the cost of one unit of capital measured in dollars. Thus
)\/Pk is the change in the firm's value for a one dollar change in its book

value, the ratio called marginal (curreunt value) q.

Two impdrtant observations should be made regarding the function q. First,
the model does not have the usual property that g is equal to one in the steady
state. This is because of both the government subsidy and the constant term in
the adjustment cost function. If there were no subsidy and no constant term,
it would be possible for the firm to reduce its adjustment costs to zero by
investing very slowly. Im this case the marginal value of an extra unit of
capital would, at equilibrium, have to equal the price of an additional capital
good, so marginal q would be one. If this property were desired, all that

would be necessary is to set the subsidy and the value of v to zero.
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Secondly, the model is not homogeneous in investment and capital. This
deficiency may be unimportant in a microeconomic analysis of a single firm, but
it would be of consequence when modelling the economy as a whole, since it
means that adjustment costs will not be independent of the scale of the
economy. The difficulties generated by modifying the investment cost function
to have this homogeneity property will be discussed in section 6.1, and a model
which incorporates the feature will be presented. A number of interesting
results can be obtained from simpler models, and the primary focus will be on

them.

Returning to the development of current model, oue interesting property it
possesses as a result of the CRTS production function is that q is constant for
a given expectation . s PO

& n P ° 31; thus investment is also constant. 1In equilibrium, the
amount of investment will be just equal to the depreciation rate times the
steady state capital stock. Using this property, the steady state is
obviously:

1
ss B

K o= — =
260 Pk(rt+6)(l—TT)

z - (1+) ). (3.4.5)

When good news arrives, B changes, altering the equilibrium steady state
capital stock. Investment changes immediately to the depreciation rate times
the steady state, and capital approaches the steady state asymptotically. The
explicit solution can.be found by integrating the conmstraint with constant
investment:

K =8&° -,
which results in the following optimal path of capital as a function of time:

k(t) = %% - (R®® - Ko)exp( -6t ), (3.4.6)

where Ko is the original capital stock. The difference between the current
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stock and the steady state value clearly falls at rate 6. This model would
apply, for example, to the case of a surprise sales tax which lowers the firm's
received price. At implementation, investment drops and the firm's capital

stock decays toward the new equilibrium level.

Another interesting feature of this model is that the firm is unable to
exploit advance knowledge of an increase in the investment subsidy. This
arises because the second first-order equation alone determines A, and it is
independent of the subsidy. Consequently, A is determined by the interest
rate, the marginal product of capital, and the dividend taﬁ; investment depends
on A and on the subsidy. This implies that if the government announces an
increase in the subsidy, the firm will be unable to take advantage of the
information and will behave exactly as though surprised at the time of
implementation. The subsidy does not change A before implementation, so the
firm does not postpone any investment., Once the subsidy takes effect,
investment will change because A has remained comstant but (1-T%) paq
decreased. While the marginal cost of post-subsidy capital will be lower at
the old optimal level of investment, the marginal cost of an extra unit at the
new optimal level is at least A, The model does respond to other announced

policies, in particular to changes in the dividend tax as discussed below.

3.4.1 The Dividend Tax Experiment

One important policy which produces a marked effect on the constant returns
model is a change in the dividend tax rate. Forecasts of higher dividend taxes
will influence the time path of A and thus investment. Suppose at time zero it
is announced that the dividend tax will be raised at time T. Recall that A is
given by:

Aey =] BT(I—T:)exp( —(rT+6)(u—t) Ydu.
t
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Integrating separately over the periods before and after implementation of the

policy gives:

1 T a
A (e) = ft 31(1‘T1)GKP( —(rT+6)(u-t) Ydu +
I B, (1-T9)exp( ~(x +6) (u=t) )du,

when t<T; for t>T the integral is just:

A = f BT(l—Tg)exp( ~(x_+6) (u=t) )du.
t

Because the two taxes are constant over their respective intervals, evaluation

is straightforward and results in the functions:

d d .4
8_(1-19) 11
Ao = Lo (1 + (—FJexp( ~(x %) (T-t) ) ),
(r +5) 1-T
T 1
and
a
g8_(1-1,)
)\2((:) = _’E‘_____Z__.
(rT+6)

Notice that AM(T) = A2(T): there are no capital losses at implementation
because the value of the firm already reflects the new tax. However, A does
jump at the rime of announcement from:
d
B_(1-1)
(xr_+5)
T

20 =

to
d .d
(Tl—Tz)exp( —(rt+6)T )

2oy =280 1+ -
a-1h)

Because the tax is increasing, the market value of the firm drops at

announcement .
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The consequences for iunvestment can be found by using the investment
function shown in equation 3.4.4. Before the new policy is amnounced,
investment is given by:

1 B
%) = —( ——F— - () ). (3.4.1.1)
8 P (1~
2 k(1 Tl)(r1+6)
After the aunouncement but before implementation, investment is:

d . d

1 1 By T1-Ty
I°(t) = = {1+{ Fexp(-(x_+8)(T-£)))-(1+v)], (3.4.1.2)

20 pk(l-Tf)(rTaS) 1-1}

while in the post-implementation period it is just:

2 ! 8
2 P (1-15)(x +)

~ - (1#y) ). (3.4.1.3)

At implementation investment jumps back to its initial steady state level
hecause it is independent of the dividend tax as long as the tax is expected to
be coanstant. A jump also occurs at announcement and can be found by comparing
equations 3.4.1.1 and 3.4.1.2 at time zero. Finally, the path of the capital
stock itself may be calculated by integrating investment. Given an initial
capital stock Ko, the stock at time t is given by:

t
K(t) = Korexp( -6t ) + | 1I(s)exp( &(s~t) )ds.
0

Substituting in investment in the pre-implementation period and integrating
yields the optimal path of the capital stock over the period between
announcement and implementation of the policy. Subtracting from that the
amount of capital there would have been if the dividend tax had not changed

gives the following expression, valid for t<T:

d .d
B_(T,-1,)( exp(~(r_+26)(T~t))~exp(~(r_+26)T) )}
arteey = 212 i X . (3.b.1.4)

s d
2epk(r1+6)(1—Tl)(1—Tl)(rT+2<S)
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The overall sign is given by the difference in the taxes because the
denominator will be positive as long as investment is positive. Interestingly,
the magnitude of the drop at any particular time is increasing (asymptotically)
in T. This occurs because with longer advance warning it is optimal to begin
drawing larger dividends from the time of announcement. Also, the drop is
independent of the initial capital stock, provided the constraint that

investment be non-negative is satisfied at all times.

Calculation of the firm's value may be accomplished by integrating the
dividend stream corresponding to the above paths of capital and investment.
The algebra is tedious, so the general case result is omitted. A numerical

example will be computed in a later section.

In words the response of the model is as follows. The shadow value of
capital, A, will decrease up to implementation provoking a decline in
investment and a fall in the capital stock. Equity owners compensate for the
tax by taking high dividends before implementation. After implementation
investment jumps back to its equilibrium value and the capital stock
asymptotically approaches the steady state. This is the familiar result that a
pure profits tax does not change the optimal mix of inputs. The announcement
effect arises purely from the dynamic evolution of the model - there is no

change in the steady state.

The dividend tax experiment is useful because it is simple, analytically
tractable and provides a striking example of the importance of foresight in the
determination of investment. Another problem which can be solved by similar
methods is the response of investment to anticipated changes in the interest

rate, and this problem is developed in the following section.
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3.4.2 Interest Rate Experiments

No particular difficulty is imposed by allowing the expected interest rate
to be a function of time rather than coustant. An experiment with a single jump
in the interest rate can be solved by the techniques used above - separating
the future into a "before" and an "after" period. The solution to such an
experiment can be found as follows. First, recall equation 3.4.2, one of the

model’s first order conditions:
A= (s - B (-1
T T T’

Making r a function of time does not link the first order conditions, so this

equation may be solved in isolation to obtain the following function:

«@ u
) = [ B (-T)exp( - 8(u-t) - [ r_(s)ds ).
t t

If the interest rate changes once from r! to r? at time T, this equation can be

replaced by:

@

T .
kl(t) = Bt(l-T:)(f exp(—(rl+6)(u-t))du + f exp(*(r2+5)(u~t))du),
£ T

when t<{T. Integrating aand collecting terms yields:

) La-h r +
A (t) = —T;;:Sj‘( 1°exp(-(r1+5)(T~t))+(

r2+6

Jexp(=(r,+6)(1-t)) ),

for region 1 where t<T; in region 2, t>T the following holds:

d
BT(I—TT)

2
A (t) B m———
(r1+6)

In addition, the derivative of A can be shown to be:

al=g (1—rf>( exp(=(ry=r J(T-£)) = 1 Jexp(=(x +)(T=t)).

Clearly A" (T) is zero. For all t<T, the sign of A" will be the same as the
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sign of ~(r®~rl) so A is monotonic; investment will be of the same sign as A,
so it is also monotonic. It is useful to calculate the difference between the
value of A prior to implementation and its value if the rate change had been a
surprise at time zero. At the time of a surprise A jumps immediately to its

region 2 value so the difference made by the announcement is given by:

A d 1—exp(—(rl+6)(T-t)) 1-exp(-(r2+é)(T~t))
() =8 (1-10) T - T B

Differentiating with respect to time gives the result obtained above for A
(since A2 is a constant), so if r2>r! then A" is negative and so is (AM) .
Because A is weakly monotonic and A is zero at T, AA must be non-negative
before T. Investment will be higher in the pre~implementation period than it
would have been if the increase had come as a surprise; A and thus investment
will be the same after the change. The difference between A with the announced

policy and the A that would have prevailed if no change had occurred is just:

B dor exp(—(rl+6)(T—t)) exp(-(r2+6)(T-t))
ME(e) =B (-1 - T * 7,5 ).

1f £2>r}, AN will be negative, so both firm value and investment will be lower
than if no change had occurred. The effect of the announcement is to maintain
higher levels of investment in the period before the rate increases (but lower
than what it would have been if no increase occurred). The implications for the
capital stock, dividends and market value are obvious, and A could be used as
before to find analytical results if desired. Thus, problems in which the

interest rate varies provide no conceptual difficulties.

So far, all discussion has been confined to models in which the earnings
function has constant returns to scale. As noted above, this produces the
peculiar result that anticipation of an investment subsidy has no effect on the

optimal path of investment. Introducing diminishing returns to scale will
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cause this to change, as discussed in the following section.

3.5 Diminishing Returns

In contrast to the previous model, now suppose that the firm faces a
downward sloping demand curve rather than taking prices as given. Furthermore,

assume investment costs do not depend on capital to isolate the effect. If the

earnings function has the form:
E(K) = 8_K - (x_/2)K*
T T ’

the general first-order conditions above become:

bct d
r o= 5T )(1-1"1), (3.5.1)
A= (e - B - KU-TY, (3.5.2)
< T T %
K =1 - 6K, (3.5.3)

This shows clearly that A depends on K, but X depends on investment and hence A
through condition 3.5.1; previously, A was independent of K. Solving this model
requires solving 3.5.1 and 3.5.2 simultaneously, either as a system of two

first-order differeatial equations or as a single second-order equation. This

will be discussed in more detail in section &4.1.

Intuitively, the difference between this model and its predecessors is that
in the unlinked model, a change in current investment has no effect oun next
period's A and hence no effect ou the optimal amount of investment tomorrow.
With diminishing returns however, less investment today lowers the capital
stock tomorrow and thus raises A, increasing the optimal amount of investment
in the future. Unlike the constant returns case, this model will respond to

announced changes in the investment subsidy.
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4. BOUWDARY VALUE PROBLEMS

The models constructed so far have all involved solving a system of
differential equations (the first—order conditions) subject to certain
conditions. Technically, they are examples of boundary value problems and as
such they have a number of interesting properties which will be discussed in
this section. Fundamentally, the problem is to solve a system of three

equations:

A= £(1,K,x), (4.1)
A= g ,K,x), (4.2)
K~ = h(K,K",x), (4.3)

(where x is a vector of exogenous variables and expectations) subject to two
boundary conditions which arise essentially as counstants of integration. The
models considered so far have been from a special class for which the above

equations have the form:

A o= £(I,x),
A7 = glh,x),

I = h(K,K",x).

The second equation was solved for A, the result inserted into the first
equation, from which investment was found. Investment was then inserted into
the final equation to find the path of the capital stock. One of the two
boundary conditions was just the initial capital stock while the other was the
requirement that the value of the multiplier grew more slowly than r+6. This
approach, as noted in the diminishing returns case, will generally not be

applicable because in many models the first—order conditions will be linked.

To analyze the problem, it is helpful to reduce the system of equations by

using the third equation to eliminate investment from the other two. The
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result is:

A = £(h{K,K",x),K,x),

A= gh,K,x).
These may be solved simultaneously in their current form, or they may be
combined to yield a single second-order differential equation in capital by
eliminating A. Differentiate the first equation and substitute into the second

to get:
£ (h(R,K",x),K,x) = g(f(h{¥,K",x),K,x),K,x)}.

This general formula is somewhat complicated and provides no insight;
fortunately the equation for any particular model is much simpler and quite a
bit more intuitive. The appropriate equation for the models discussed above
will be derived and analyzed. Not only does the equation provide useful insight
into the model's dynamic behaviour, but it is particularly easy to implement

numerically.

4.1 Models in Second-Order Form

Although it is mathematically equivalent to express the model as two
first-order differential equatiouns or as a single second-order equation, the
latter form emphasizes some of the properties of the solution more clearly, and
it is worthwhile to discuss it in depth. Unfortunately, this introduces a
certain amount of ambiguity because the second-order form of the model is not
to be confused with the second-order conditions for optimality. Throughout
this paper, the term "second-order form" will refer to the differential
equation derived from combining the two first-order conditions; it will be
assumed that the solution found is in fact a2 waximum and the second-order

condition satisfied.
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To illustrate the difference made by converting a model into second-order
form, it is convenient to focus on the CRTS model. Recall the first-order

conditions from section 3.4:

- S . d
A= (Pk(lw) +* ZGPkI)(l TT)(I TT), (4.1.1)
P - _d
A (r1+6)k ﬁt(l TT), (4.1.2)
K" = I - 6K, (4.1.3)

Assuming for simplicity that the price of capital is constant, the first

equation may be differentiated with respect to time to give the following:

P - 8 _md _pSe d B d. 8
A 2071 Pk(l TT)(l TT) + Pk(l+‘l+291)( T, (1 TT) T, (1 TT) ). (4.1.4)

Similarly, the accumulation constraint may be differentiated to give:
K7 = 17 - &K, (4.1.5)
The second-order form is derived by substituting equations 4.1.1 and 4.1.4 into

equation 4.1.2 to eliminate A; investment is then eliminated using equations

4.1.3 and 4.1.5. Collecting terms in K and dividing through by

8 d
ZGPk(1~T J(1-T') gives the final equation shown below:

1 B
K™+ K (g-r_) + 6K(g-r_-8) = —(~(1¢y) (gt 6) = o), (4.1.6)

T T T 8

20 P (1-17)

k T

where
S, d.
.= - Tr _ TT

5 a’
I—Tr 1~ *

The interpretation of g is interesting and straightforward. The first temrm
is the rate of growth of the firm's share in investment costs (costs exceed the
firm's share because of government subsidy). Similarly, the second term is the
growth rate of the post-tax fraction of dividends. The sum of the two is the

rate of growth of the dividends cost of a given level of investment. To see how
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this works suppose the subsidy is increased while the dividends tax is held
constant: g will be negative, indicating that the amount of dividends given up
for a specific level of investment is decreasing. The same result holds if the
tax is increasing: a dollar iavested means giving up a smaller and smaller
amount of dividends as the tax increases. The function g plays an important
role in the solution to the model., Notice that it is also the only way the
dividend tax enters the problem. 1In most simulations, taxes and subsidies will
be changed in a small number of discrete jumps and g will be zero everywhere
except a finite number of points at which it will be undefined. Somewhat
surprisingly this will have tremendous implications for the optimal path of the

capital stock.

Second order equation 4.1.6 is the solution to the firm's market value
maximization problem, but to find the actual path of the planned capital stock
explicitly, it is necessary to solve the equation for capital as a function of
time. Generally, this will be difficult to do analytically because the
coefficients of the capital terms will be functions of time. It is quite
possible to solve numerically, as discussed below, but first it is worthwhile

to examine the properties of the equation itself.

Suppose the interest rate is expected to be constant at r and no changes in

taxes or subsidies are anticipated. Then the equation becomes:

1 8
K" = £ K - 6(r #8)K = —{ (1#y)(r +) = e ), (4.1.7)
© T 28 i Pk(l-T:)

As with all second-order differential equations with constant coefficients,
finding the solution is accomplished in two steps: first a solution is found to

the homogeneous equation:

R -1 K ~8{(r ¥X =0,
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then a particular solution which satisfies the full equation is determined; the
general solution is the sum of the homogeneous and particular solutions. The
homogeneous solution may be found by assuming the form of K(t) is Acexp(ot).
Differentiating and substituting into equation 4.1.7 gives the following

characteristic equation for the homogeneous problem:
2
" - ro ~8(x ) = 0.
T T
This equation can be factored to give roots:
ol =1 45,
T

~5.

a2

The homogeneous solution is the sum of two exponential solutions with the roots

determined above; in this case has the form:

K, = Clexp((rt+6)t) + Clexp(~5t).

s
I£8 and T gare expected to be constant, a particular solution is the steady

state, which can be found by setting K”” and X~ to zero in equation 4.1.7:

1 B
K o= K% = e i1 - (1+) ). (4.1.8)
P 260 P (r +5)(1-T%)
kT T

Notice that this is identical to equation 3.4.5 above. (To verify that it is a
solution, differentiate it and substitute into the second-order eguation.)
Combining the homogeneous and particular solutions gives the following general

solution to the second-order form equation:

K(t) = clexp((x +6)t) + CPexp(-6t) + ®%5.

The constants are evaluated using two boundary conditions imposed on the
solution and these will be determined below. First, however, it is useful to
discuss an important property of solution which makes numerical analysis

particularly difficult,
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4.2 The Saddle Point Property

The fact that the two roots are real, unequal and of opposgite sign means
the model possesses a unique path from any initial capital stock to the steady
state. This can be illustrated by considering the behaviour of the system when
the roots take other forms. If both roots are positive and real the solution
will become unbounded at large t except in the trivial case where ¢l = ¢Z = 0;
for no other boundary conditions will the steady state be achieved. If the
roots are both negative and real the solution approaches the steady state no
matter what the values of ¢! and G?. Finally, if the roots have a complex
component the signs of the real parts determine the general character of the
solution as above, but the imaginary term adds oscillations the amplitude of
which is governed by the sign of the real part of the root. With real roots of
opposite sign, the solution will approach the steady state monotonically if ¢!
= 0, otherwise it will be unbounded. The path described by the model when C!
is zero is said to possess the saddle point (path) property. That the solution
has this character will make solving the problem numerically considerably more

difficult because of the way the boundary conditions are usually specified.

4.3 Imposing the Boundary Conditions

1f the model is set up as an initial value problem with both boundary

conditions given as values which held at the initial time, for example:
K(0) = Ko,

K" (0) = Ko,

no particular difficulty is encountered. The conditions are imposed by solving

the following equations for C! and ¢?:
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o =ct + 2 + K°°,

Ko~ = olgl + 62¢2,

which yields the constants shown below:
¢l = ( - o2Ko + Ko~ + o2K°® )/(ol-0?),

¢? = ( olKo - Ko~ - otk®® )/(cl-02).

This highlights the saddle point nature of the model: the solution will be
unbounded except in the case where ¢l is zero, which only occurs when

0% (Ko=K5%) = K”(0); hence there is a unique value of K (0) for which the
solution will converge to the steady state. This implies the;e is a unique
level of investment at time zero; for any other value the system will become
unboundedly far from the steady state with increasing time. (Also note that if

s 8s
K(0) = o? (Ko=K ), ¢? = KoK , which is a particular feature of this model,)

In economic problems it is generally required that the solution converge to
the steady state as time grows, but one of the initial conditions, K'(0) in

this case, is unknown. In this case the boundary conditions have the form:

K{0) = Ko,
lim  K(£) = k°°,
[ o]

As discussed above, these imply a unique K'(0)., Finding this value is
frequently the goal of the problem: to determine what happens to investment
now, given some proposed policy. Notice that if ¢! # 0, the rate of growth of
firm value approaches r+5, so to be consistent with the derivation of firm
value in section 3.1, C! must be zero. (The condition imposed on the firm's
value was actually stronger because it rules out purely speculative growth in

addition to unbounded growth of the dividend stream.)
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The interpretation of the transversality condition is as follows. If the
capital stock will eventually converge to the steady state, K (0) as found
above is the unique value which maximizes the firm's market value; any other
choice of K"(0) is suboptimal. Choosing K (0) too small will require excessive
investment later resulting in a smaller present-value dividend stream than if
it had been chosen optimally; similar analysis holds for K (08) too high. The
dynamics of the gsystem should not be interpreted to mean that the capital stock
will actually explode if K'(0) is not chosen correctly; a better interpretation
is if K"(0) is not optimal the firm will have to compensate later at greater
cost. The transversality condition simply means there is a unique

value-maximizing choice of K'(0) to be made when the tax regime changes.

Imposing the boundary conditions on the simple CRTS model gives the
following equation for the capital stock:

s S8

k(L) = x° (K" - Kodexp(-6t),

where Kss is defined in equation 4.1.8. This is exactly the result obtained in
section 3.4 and describes<the optimal path of the capital stock when no changes
are gxpected in the model's parameters; it would apply, for example, after the
last in a series of tax changes as the capital stock moves toward the steady
state. Investment can be easily calculated from the accumulation constraint and
turns out to be independent of time:

1 = 6k°%,
In this model it is optimal, in the absence of expected changes in taxes, to
invest at the steady state depreciation level. This will cause the capital
stock to move toward the steady state asymptotically if it starts somewhere
else. The firm's value can be found by integrating the net dividend stream

which gives:
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9

B (R()-K") g K - p (1ey)eR®S - Pkeészs
¥(t) = (=% + (L

(r +6) r

4 T

The term at the far right is the value of the firm at the steady state while
the other term is the present value of the dividend stream gained or lost as
the capital stock approaches the steady state, WNotice that the derivative of
value with respect to the current capital stock is just Bt/{rt+8) which is
exactly marginal q as discussed in section 3.2 (measured per unit of capital

rather than per dollar of book value).

4.4 The First-Order Form

To solve the model as a system of first-order equations requires the same
basic steps outlined above. RBoundary conditions for the two equation system
will be identical to those for the single equation, but the missing initial
value is best thought of as the initial value of A. The characteristic roots
of the two equation system may be found as follows. TFirst, substitute out

investment using equation 4.1.3 to get:
A = 289 (R”+6K) (1-T°) (1-1)
k T T’
and

A= e - (-1,

Now rearrange the first equation to get:

T T O ] (N —

5 d
20, (1-T)(1-T)
The homogeneous form of the system is found by dropping the constant term from
the A" equation and solving it is accomplished by introducing the trial
functions A = Acexp(ot) and K = Beexp(ot) into the above equations.

Eliminating the exponential, collecting terms and writing the problem in matrix
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form yields:

~5-g "——*—i;——"-"a- A 0
ZGFK(I—TT)(I—TT) -
4] (rT+6)~G B 0

This must hold for arbitrary values of the constants, since they will be
specified in accordance with the boundary conditions, so the left-most array
must be singular and its determinant, zero. This property can be used to find
a characteristic equation identical to that obtained from the second~order

form,

Since the two forms are mathematically equivalent, the best approach to use
depends on the structure of the problem; it may be worth some extra algebra to
see the single equation model. For example, notice that the function g
discussed above does not appear in the first-order form but does appear in the
second-~order problem. This function in particular provides a great deal of
insight into the role of taxes in the model, insight not provided by the
first~order form. For more details regarding the first-order techmnique refer

to Kamien and Schwartz (1981).

4.5 Numerical Methods

Regardless of whether the problem is set up as a single second-order
equation or a set of first-order equations, the fundamental nature of the
firm's value maximization is such that the first-order conditions form a set of
differential equations which must be solved to find the path of investment.

For complex problems it will often be impossible to sclve for the optimal path

analytically, so numerical analysis will be required. If a number of tax
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changes are expected it is quite difficult to find the solution to even the
simple CRTS model discussed above. The problem is not in finding the

first-order conditions of the solution, it is in integrating those equations
along the path described by the expectations. Even a simple experiment will
generate fairly complex expectations and quite complicated integrals of the

firgt-order conditions.

Furthermore, a number of boundary conditions will be required, aund some
will be only known at the terminal point. This serves to complicate numerical
analysis because it precludes simple integration of the equations forward from
the initial conditions. For this reason, such problems are known as two—-point
boundary value problems. A number of methods have been developed to solve
them, and these will be discussed here briefly, and in more detail in the
technical paper. The existence of a solution to the boundary value problem is
assumed here and the focus will be on finding it. It is possible, however,

that no solution may exist for some problems and boundary conditions.

Three methods of particular interest will be considered here: Shooting,
multiple shooting, and finite differences. The first, simple shooting, is an
iterative process in which guessed values of the missing initial conditions are
supplied and the equations integrated forward to the terminal time. In general,
the terminal value found will differ from the specified boundary value and this
miss distance can be used in a generalized Newton-Raphson procedure to update
the guessed initial condition. Uanfortunately, this technique is particularly
vulnerable to the numerical instabilities associated saddle point problems: if
the initial guess is only a small distance away from the true value, the
exponential growth term will cause the terminal value to be very far from the

boundary value. Typically, shooting will fail in saddle point applications.



3

Multiple shooting is a refinement of the simple shooting technique in which
the total time interval is divided into a small number of subintervals with
boundary conditions specified at the end of each. The system is then “shot"
across the series of intervals which produces a sequence of miss distances at
the end of each interval. This is very useful for controlling the explosive
nature of the problem, but results in a much larger set of equations which must

' be solved to find the solution (of the order of the initial number of equations
times the number of shooting intervals) and must be applied carefully to avoid

instabilities.

The finite difference method avoids all the difficulties of instability
associated with shooting or multiple shooting, but at the cost of requiring the
solution to an even larger set of equations. All differentials in the original

problem are replaced by finite diffevence approximations, for example:

. . yletde) - y{e-at)
y (e) = SRE .

Accuracy of the solution is determined by the density of grid points and thus
the magnitude of At. The transformation results in a set of equations for the
variable at a discrete set of points. If the original system was linear, the
transformed system will be linear and can be solved by any of the usual methods
for solving systems of linear equations; if the system was nonlinear it can be
solved using Newton's method or some other technique. The strengths of the
finite difference method are: (1) it is numerically stable, (2) the
approximation error is dispersed throughout the grid rather than concentrated
at the terminal point, and (3) that it is easy to solve, particularly if the
system is linear. Linearity here refers to the functions being found and not to
the solution path over time (no terms of the form K2 or AK appear in the
differential equations). Further discussion and comparison of these techniques

is the subject of the technical paper.
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The results presented below were obtained using a finite difference
algorithm because all of the models considered were linear, and the extra work
required to put the model in finite difference form was more than offset by the
consequent gain in computational speed and reduction in cost. Furthermore, this
approach is well suited to integration into Johansen-style general equilibrium
models, as it employs the same solution procedure. Also, all models were

solved in second-~order form and discussion of them will be in that context.

One further aspect of numerical solution is the technique used to impose
the terminal time boundary condition. Obviously it is impossible to model time
approaching infinity, so an approximation to the'ateady state condition must be
made. The method used was to require that the model reach the true steady state
at some finite but large time, say 100 years im the future. Further discussion
of this approximation is conmtained in the technical paper, but in most cases
the error introduced will be negligible as long as the terminal time is

reasonably large.
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5. APPLICATIONS

Several small models are discussed here to illustrate the sort of resuits
which can be expected from numerical analysis of investment models. Experiments
ranging from imposition of a dividend tax to an expected product price decline

are counsidered.

5.1 Constant Returns to Scale Hodel

First implemented was the basic CRTS model, the second-order form of which

was given in equation 4.1.6 and is repeated below:

K+ K (gr,) + 6R(gr =) = —( (l+r)(r +-g) - Ee ],
28 Pk(I—TT)

Recall that g is given by:

5 Td‘
g(t) = - —— - =%,
l—T1 1~T1

This model was used for several experiments regarding changes in 7d and T%; B
\ :

was held constant. Furthermore, in all experiments T 2nd T2’ were zero for

large t; the tax and the subsidy were expected to be constant after gome final

change. Parameter values used in the simulations were as follows:

L .05, 6 = .10, kP = 1.0,

6 = 20/3, v = -2/3, g = .25,
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In the absence of any changes, g * 0 and the steady state capital stock,
calculated directly from the second-orﬁer form, turns out to be 1.0 for the
parameters above and a zero subsidy rate. From this, the following steady state
values can be calculated: A

Invegtment = 8K = .1,
Eafnings = B¢k = .25,

Investment Cost = PRrI(l:y+81) = .1,

Dividends E(R)-C(1) = .15,

Market Value = ,15/.05 = 3.0.
Wotice that Y was chosen so that adjustment coats are zero at the steady state.
In each experiment, the initial capitaL stock was 1.0 end the model was
constrained to attsin the steady state at time 100. The initial dividend tax
was zero. Several experiments were run including: (1) introduction of &
surprise permanent dividenmd tax of 25% at time zero; (2} an announcement at
time zero that a permanent 25% dividend tax would be implemented at time 10;
15; (4) a surprise perﬁanent investment subsidy of 50% at time zero.and (5} an

announced 50% subsidy to be implemented at time 10. These experiments are

discussed in detail below.

5.1.1 Surprise Per t Dividend Tax

& surprise dividend tax expected to be permanent should have no effect on
the firm's capital stock, investment, earnings, or investment cost. Dividends,
however, should decrease in proportion to the tax, as should the market value
of the firm. This is simply a pure §§ofits tax which does not alter the optimal
qperating point and only changes the profit received. This result iz obtained
using the model: owners of the firm lose 25% of the value of their equity when

the tax is imposed, but no other effecte occur.
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5.1.2 Anticipated Dividend Tax

This experiment is far more interesting because the behaviour of the firm
is influenced by the announcement itself (assuming that the announcement is
believed). Roughly speaking, the announcement of the tax allows owners of the
firm to draw larger than usual dividends immediately prior to implementation of
the tax. This occurs because the cost of investment, in foregone dividends, is
much higher before the tax than after: one dollar of investment not done before
the tax is one dollar of extra dividends, but one dollar of extra investment
after the tax is a loss of only $.75 in dividends., Once the tax change takes

effect, however, investment returns to its previous level.

The results cobtained by numerical analysis are displayed in figure 5.1.2
which shows the capital stock, investment, dividends and the firm's stock
undisturbed (no tax} case. Also shown are the curvee corresponding to the
previous experiment in which the tax was a surprise. Figure 5.1.2{s) shows the
capital stock declining up to the imposition of the tax then growing
asymptotically back to the‘s:ea&y state. The capital stock in period ten is
12.5% lower than in the undisturbed case.

It is interesting to contrast these numerical results with the analytical
gsolution found in section 3.4.1 where the following equation for the reduction

in the capital stock was derived:

Br(Tf"Tg)( exp(—(r1+25)(T—c))-exp(*(rt+25)T) )

-

Axl(c) = p 3
Ze?k(r1+6)(l—rl)(I-Tl)(t1+26)
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Inserting the appropriate values and calculating the result at period ten shows
that the capital stock should have fallen by .1147 units to .8853. The
numerical solution yields a time ten value for K of .8850, an error of only
~.03 perceat. Investment, in contrast with the capital stock, declines
immediately by 7.5Z when the tax is announced. After the announcement
investment continues to decline up to the time of implementation at which it

jumps back to its original level.

The analytic results from section 3.4.1 can again be used to check
numerical accuracy. Investment in the pre-implementation period is given by

equation 3.4.1.2, reproduced below:

1 1 BT T?-Tg
AT = —{ ( 1+(—=—=3)exp(~(x #6)(T-t)) ] = (1+7) }.

s
26 Pk(l—Tl)(r +05) 1-1,

Evaluating at time zero gives the true level of investment at the time of
announcement; inserting the appropriate values gives I{(0)= .0930, a reduction
in the level of investment is .54 percent. The error in the drop in investment
is 6.7%, somewhat larger than the error in its level. This would be even
smaller if not for a peculiarity in the program used to find the solution:
since the second~order form was used, the variable actually solved for was the
capital stock; investment was calculated from it using a finite difference
approximation and is hence less accurate. Furthermore, the initial level of
jnvestment had to be extrapolated backwards from the numerical results for the
next few grid points, so the first value is particularly unreliable. More
sophisticated methods could be used for this operation and the error reduced

substantially.

Also important is the accuracy of the numerical solution near the time of
implementation. In the true solution, investment changes discontinuously at

implementation; the numerical technique approximates this with continuous

function and so is inaccurate at the time of implementation. The results
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slightly on either side of the transition will be much more reliable. Consider
ianvestment in period nine: the analytic result is .0731 while the numerical
solution is .0723. The error in the level is ~1.1%, and the error in the gap
is 3.0%. Presumably the percentage drop in the investment is of more interest
than its level, so from the above figures the model is accurate to within about
5% of its analytic value. Further analysis of the accuracy of numerical

methods and how such accuracy can be improved will be deferred to the technical

paper.

Figure 5.1.2 is a graph of the dividend rate over time and clearly shows
the excess of dividends in the announced-tax case over both the undisturbed
case and the surprise-~tax case, Dividends drop below the surprise~tax case
after implemeniation because the capital stock is lower, a result of those
discount factor gives the value of the firm, and is shown in figure 5.1.2.

When the policy is announced owners of the firm lose 14.6% of the value of
their equity; recall they lose 25% if the tax is a surprise, After the initial
drop, the value of the firm's stock continues to decline up to the time of
implementation because of the decline in the firm's capital. It is important to
remember that only the initial jump hurts the equity holders because the
subsequent decline in firm value is compensated by the higher dividend rate.
All information is capitalized into the market value of the firm and the only

possibility of earning an excess return is to possess inside information.

The results of this simple experiment with a very small model are quite
striking and illustrate the importance of foresight. Because the experiment
wés the introduction of a dividends tax which, if it were a surprise, would
have no effect at all on the firm's behaviour, all the results in the

announced~tax case arise purely from the change in expectations. Furthermore,
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the magnitude of the effect is large enough to be of considerable significance.
More detailed earnings and investment cost functions would be necessary before
the results could be claimed realistic, but those presented are certainly not
implausible and do provide a great deal of intuition regarding the effect of
foresight on investment, In addition, the closeness of the numerical and
analytical solutions shows that numerical analysis can provide a very good
approximation to the true solution. This is of vital importance because many
experiments of practical interest will not be analytically tractable; an

example is the next experiment.

5.1.3 Temporary Dividend Tax

One interesting policy which is only slightly more complex than the
announced tax is an announced temporary tax., The addition of a termination time
makes analytic solution quite difficult but provides no added difficulty for
numerical analysis. The policy considered here is an announcement at time zero
that a 25% dividend tax will be in effect from period five to period ten. If
both the imposition and removal of the tax were surprises (agents always
believe the current tax will persist forever) the capital stock and investment
would be undisturbed although firm value would drop in proportion to the tax
while it was in effect. When agents expect the tax, their behavior is quite

different, as shown in figure 5.1.3.

Announcement of the tax causes investment to drop by 8.7%, dividends to
increase by 9.3%, and market value of the firm to drop by 3.7%Z. 1In the period
following the announcement the capital stock declines, because of the reduction

in investment, up to the time the tax takes effect. At that point dividends
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are sharply curtailed and investment increases. Durimg the period the tax is
in effect, owners of the firm receive their return as capital gains rather than
dividends. Finally, when the tax is lifted investment drops back to its steady

state level and the capital stock asymptotically approaches the steady state,

The indifference of equity owners between dividends and capital gains is
obviously very important here because the optimal policy requires large swings
in the dividend rate. It would be an interesting extension of the model to
constrain either the dividend rate or its derivative in a manner comsistent
with typical corporate policy. The result should be to decrease the amplitude
of variatiqns in the capital stock and also to decrease the market value of the

firm,
As suggested above, the response of the CRTS firm is quite different when
the policy considered is an investment subsidy. The case of a surprise subsidy

is considered in the following section.

5.1.4 Surprise Investment Subsidy

The investment subsidy considered here is a policy which has the effect of
reducing the price of capital to the firm. It is not proportional to the amount
of new capital goods installed, but rather to the amount spent om investment,
so adjustment costs are subsidized in addition to the pure cost of new capital.
This is the most realistic case, but it would be interesting to consider how a

subsidy of installed capital goods would differ.

Recall the discussion of first order conditions in section 3.4 in which it
was noted that, in this CRTS model, the first-order conditions could be solved

sequentially. The implication was that an investment subsidy should have no
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effect on A because it fails to appear in the second first-order coudition. 1t
does, however, influence investment. Recall equation 3.4.4, the investment

function for this model:

I“'-I'( "———-—;\————'— (l'W)).

20 P (-1 (-1
Clearly, if a surprise subsidy is implemented, and firms believe it to be
permanent, investment will immediately jump to its new steady state level. The
capital stock will subsequently rise toward its new, higher steady state.
Dividends will drop since the initial capital stock is too low to suppert both
the original dividend rate and higher investment. Market value jumps up at the
onset of the policy and rises as the capital stock grows. These results are

shown in figure 5.1.4, and numerical results confirm intuition.

5.1.5 Announced Investment Subsidy

As discussed in section 3.4, advance knowledge of the subsidy does the firm
no good in this model: investment and the capital stock will remain at their
initial levels until the subsidy is actually implemented. The only effect of
the announcement is on the value of the firm, which rises as expectations of
future dividends rise, These characteristics should be observable in the
numerical simulation of the experiment, and indeed are, as shown in figure

5.1.4.

Close examination reveals that before implementation, capital and
investment do drift away from their initial levels by a small amount. This
inaccuracy reveals one of the weaknesses of numerical analysis: because of the
finite spacing of grid points used in the solution, the abruptness with which
the derivative of the capital stock can change is limited. Strictly speaking,
the second derivative of the capital stock is undefined at implementation; the

numerical solution, however, will use a finite value determined by the spacing
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of the grid. The effect of this is to produce a slight rounding of sharp
corners such as the one which occurs when the tax is implemented. The
phenomenon is observed here but not in the dividend tax experiment because the
change in the derivative at implementation is a factor of ten larger in this
experiment. ‘If the subsidy imposed is considerably smaller, 5% for example,
the maximum change in the derivative of the capital stock is of the same order
as in the dividend tax experiment, so the drift should be quite small.
Performing this simulation generates a numerical solution which agrees with the

analytic result to 01X,

Even in the 50% subsidy simulation, this drift error is not of quantitative
significance because of the sharpness of the model's response. The maximum
drift in investment, from the true value of 1.0, is to .974 just before
implementation. At that point, however, investment jumps by 125%, so the
drift as a fraction of the change in investment is only 2%. As in the dividend
tax case the numerical results obtained are within about 5% of the true
solution. The levels of the variables may be quite a bit more accurate, as
noted in the dividends tax case. This type of inaccuracy is discussed in more
detail in the technical paper, but the results shown here demonstrate that
caution must be exercised when interpreting numerical results for experiments

which produce optimal paths with extremely sharp corners.

It is interesting to contrast these results with a numerical analysis of
the diminishing returns model of section 3.5 since it was suggested that under
diminishing returns it could be optimal to postpone a small amount of
investment just before the subsidy takes effect. This is the topic of the nex

section.
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Announced and Surprise Dividend Taxes

Figure 5.1.2

Variables are expressed as fractions of their original values

A = Announced, S = Surprise
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Figure 5.1.3: A Temporary Dividend Tax
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Figure 5.1.4: announced and Surprise Investment Subsidies
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5.2 Diminishing Returns Model

The second problem analyzed was the diminishing returns model described in
section 3.5. The earnings function has already been discussed; the investment

cost function used was:

2 8
c(1) GPkI (I-Tt).

This is a special case of the previous function: the parameter vy has been set
to ~1.0 for algebraic simplicity. Applying the general first-order conditions
from section 3.3, with the appropriate modifications for the curreat earnings
and cost functions, and couverting to second-order form in the state variable K
gives:

« 8

5))=“ TS
296Pk(l-TT) ZGPk(l—TT)

K7 + K (g—rr) + OK(g—rT—é - {

s
The term a/266Pk(1_T ) is the change in marginal earnings over the change in

marginal investment cost for an extra unit of capital: it is the rate at which

marginal earnings are diminished with increasing investment.

This model was used for a number of experiments involving changes in T%; B
and r.were held constant, Parameter values used in the simulations were as

follows:

r, = .05, 6 = .10, kP = 1.0,

6 = 20/3, a = .10, TB = .30.

The steady state of the undisturbed model can be calculated by applying the
second-order equation with K7, K and g set to zero; if the subsidy is zero,
the above parameters yiéid a steady state of 1.0. The following values hold at

the steady state:
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Investment = SKS% = 1,

]

Earnings Bek®® ~ (a/2)K%%2 - .25,

Investment Cost = 8PkI? = .06,

]

Dividends E(K) - ¢(1) = .183,

Market Value = ,183/.05 = 3.667.
In each experiment the original capital stock was 1.0 and the new steady state
was imposed at time 100. Two main experiments were run: (1) a surprise
permanent subsidy of 50%, implemented at time zero, and (2) an announced
subsidy to take effect at time ten. 1In additionm, the results of the

announced-subsidy experiment were examined for sensitivity to @ and the size of

the subsidy, but discussion of this will be postponed to the appendix.

5.2.1 Surprise Permanent Subsidy

The main effect of a permanent subsidy is to increase the steady state
capital stock in the industry. Because of adjustment costs, the firm will be
unable to change from the old steady state to the new immediately; it will omnly
approach the new level asymptotically. Furthermore, since the model no longer
has CRTS, investment will not jump immediately to the new steady state level,
as it did in the previous model. Actually, it jumps somewhat higher than the
new steady state initially and declines toward it over time. This occurs
because the overall effect of the subsidy is to increase the steady state
capital stock in the industry, and since the firm faces diminishing returns to
capital the marginal earnings of capital are higher in the early periods when
the firm has a small amount of it. That is, at low levels of capital the
returns to au additional unit are higher than at high levels of capital, so
investment is pushed higher in the early periods than at the steady state. This
conclusion is borne out by numerical analysis, which indicates that the steady

state level of capital jumps by 50% (as does the steady state level of
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investment), but investment in the initial periods jumps by an additional 267
to 76% of its original value. The consequence of early high investment is a
depression in dividends (since thé firm's earnings are unchanged), and this too
is observed. Finally, owners of the firm's equity receive a 29% windfall
capital gain at announcement after which the value of the firm rises

asymptotically toward the steady state,

Although the steady state capital stock rises by 50%, dividends and firm
value rise by only 43% because of the nonlinearity of the earnings and
investment cost functions. The effect of the subsidy on the model is as
follows: (1) the steady state capital stock jumps by an amount which can be
determined from the second-order equation, (2) steady state investment is
increased by the same percentage, and (3) earnings and investment costs both
rise, changing dividends and market value. That in this experiment the steady
state capital stock increases by the same percentage as the subsidy is a

numerical accident, as can be seen by examining the second-order equation.
This experiment serves to illustrate the difference in behaviour arising
from relaxing the CRTS assumption of the first model. Results for this

experiment and the one which follows are shown in figure 5.2.1,

5.2.2 Announced Subsidy

In contrast to the CRTS case, advance knowledge of a capital subsidy does
influence the firm's behaviour, at least to a small extent. The reasoning is as
follows. Before the subsidy is implemented the firm faces a decision in which
paying extra dividends now reduces jits capital stock and hence its market value
at implementation. When the policy takes effect, this lower capital stock will

prompt higher investment than if the firm had not paid the extra dividends
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because of the high marginal earnings of capital. Thus, in this model,
pre-implementation dividends increase post-implementation investment; in
contrast, post-implementation investment independent of the capital stock in
the CRTS model. The firm's value at implementation is lowered by
pre-implementation dividends to the extent that its capital stock at
implementation is diminished relative to what it otherwise would have been.
The acceleration in investment in this model, however, will eliminate the
difference in the capital stock in the first few periods. For this reason, a
drop in capital at implementation reduces the value of the firm less than in
the CRTS case, and it is optimal to postpone a small amount of investment
before the subsidy in favour of extra dividends. Numerical analysis bears this

out, as shown in figure 5.2.1.

The announcement results in a drop of 5% in the capital stock at
implementation, but part of this is due to the numerical inaccuracy discussed
above (in the appendix it will be argued that this result is significant in the
sense that the error generated is less than 5%7). Because the subsidy is not to
be implemented until period ten, owners at announcement receive a windfall gain
of 18% rather than the 29% gain in the surprise case. Since the capital stock
is lower, the value of the firm at implementation is lower than at
implementation of the surprise subsidy: 27% higher than the reference case

instead of 29%.

Overall, the effect of diminishing returns is to accelerate the approach to
the steady state. This occurs because the return to extra capital is high at
low levels of capital while the cost of investment is independent of the level
of the capital stock. A given amount of investment costs the same at high and
low levels of capital, but yields higher benefits in the latter. The effect of

this acceleration is to reduce the cost of low levels of capital at
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implementation, allowing excess dividends to be drawn.

Having investigated the effect of diminishing returns, it is useful to tura
once more to the constant returns case. In the next section, an extended
constant returas model is developed which has a more realistic investment cost

function and is suitable for more kinds of policy experiments.
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Figure 5.2.1: Investment Subsidies in the Diminishing Returns Model
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5.3 Extended Constant Returns Model

This was constructed along the lines of the simple CRTS model, but with a
number of modifications to allow it to be used for a wider variety of
simulations. The earnings function was derived from short run profit
maximization subject to a Cobb-Douglas production function, as discussed in

section 3.1:
E(K) = ( l_g_i ) Y1 k. : (5.3.1)

The function possesses CRTS in K and is homogeneous in wages and prices. In
contrast to the previous CRTS model, agents will now have expectations about

wages and prices rather than just the overall marginal earnings of capital.

The investment cost function was slightly different also. Here it was
assumed that the firm produces its own installed capital out of raw capital

goods and labour. The production function was taken to be:

I=min {x , (Li/G)'s },

where % is raw capital, Li is labor on installation and 0 is a parameter.

This particular form was chosen because it generates an investment cost
function similar to that used in the simple CRTS model but with greater detail.
Finished investment goods are thus linear in raw goods and quadratic in labour,
so adjustment costs will enter through the labour requirement. The

corresponding cost function is:

8
¢ = (Px, * ol )(I-TS),

k

Minimizing investment costs subject to the specified investment goods

production function yields the following investment cost function:

2 s
c(1) = ( PI+ W81 )(1~TT).
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Applying the general first-order conditions from section 3.3 gives the

following:
5 d
A= ( P+ 20T )(l—Tt)(l—Tt),
P ~ l-gyrepy1/1-¢ _nd
A= (e - [ (EE)(ER) ) e,
K = I - 8K,

Finally, conversion to second-order form gives the equation below:

' W P P; (dE/dK)
K77+ K (gmr_+ —) + 8K(g-r -6 + —) = ‘——((rr+6-g) aiuiihanauved B
w w 2w8 Pk Pk(l—TT)

where
dE ( 1-€ )(g‘%)l/l‘ﬁw.

E

When Pk and w are constant this reduces to the basic CRTS model with v = 0 and

6 replaced with 8. The following parameters were used:

r. = .05, 5 = .10, kP = 1.0,

8 = 10/3, € = .5,

The reference case had P =w=p=1.0 and no dividend tax or investment
subsidy. Evaluating dE/dK shows the initial warginal earnings of capital to be
.25, and the steady state can be found in the usual way from the second-order
equation. In the absence of policy shocks, the steady state capital stock is
1.0 and the following values hold:

ss
Investment = 6K = ],
Earnings = (dE/dK)K = .25,
Investment Cost = Pkl + Bwi? = .133,
Dividends = E(K) - C(I) = .117,

Market Value = ,117/.05 = 2,333,
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Once again, each experiment was begun with the capital stock at the steady
state and the wmodel was constrained to achieve the new steady state at time
100. Three groups of simulations were used: (1) a drop in the product price,
(2) a increase in wages, and (3) an increase in the price of capital goods. For
each group, several simulations were run to determine the effect of an

announced change relative to a surprise.

5.3.1 Surprise Price Decline

This experiment is best thought of as the problem faced by an
import-competing firm when tariffs are to be reduced, but it also applies to an
industry about to experience a drop in demand as its product becomes obsolete.
Considered in this section is the response of investment to a surprise decline

in product price of 10%; the role of anticipation will be discussed later.

The primary effect of a drop in price is to cause the industry to shrink by
reducing investment. If the price change is unanticipated, at implementation
investment drops immediately to its new steady state level for the reasons
discussed above. The final capital stock can be calculated in the usual way
and it turns out to be 0.525. The optimal amount of capital falls by more than
10% for two reasonms: the earnings function is not linear in the output price,
as shown in equation 5.3.1, and the steady state is not linear in earnings
because of the investment cost function; both effects tend to lower the optimal

capital stock in the event of a price decline.

Because of the CRTS earnings function, investment drops immediately to
.0525; dividends jump up initially and then decline asymptotically toward the

new steady state. The owners of the firm suffer a windfall capital loss of
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34%, after which the firm's value declines with its declining capital stock.
These results, along with those for the following experiment, are shown in

figure 5.3.2.

5.3.2 Anticipated Price Decline

The previous policy is a disaster for owners of equity and leads to the
question of whether announcing the change in advance would diminish this loss
by allowing the firm to change its behaviour prior to implementation. In
practice, au announcement allows the firm to pay high dividends in the early
period before the price decline and this will help to maintain the firm's

value. The numerical results obtained confirm this, as shown in figure 5.3.2.

Investment drops abruptly when the price change is announced, but only to
L0985 instead .0525. After the initial drop it continues to decline until it is
exactly .0525 when the new policy takes effect. Investment is kept above its
long~run steady state level by the high earnings of capital before the price
drop, but it is optimal to cut back on investment to aun extent to pay higher
dividends. The dividend rate is relatively low at first because of the long
interval on which earnings accrue to capital before the price drop. Later, when
little additional high~price earnings are to be had from additional investment,

the dividend rate rises.

All of this is reflected in the value of the firm, as shown in figure
5.3.2. Windfall losses are limited to 20% when the policy is announced in
advance, a cousiderable improvement over the 34% loss due to a surprise price
decline. Furthermore, at period tenm the capital stock in the announced-policy
case is .82, compared to .70 for the surprise policy. This is important

because the putative goal of eliminating a tariff is to reduce excessive
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capital in an industry. The example here shows that announcing the removal of a
tariff in advance substantially reduces the loss to equity owners but
eliminates excess capital more slowly than in the surprise case. This may in
itself be of some benefit if there is a large amount of firm-specific labour
involved in production: such labour is eliminated more gradually when the

policy is announced.

Thus the effects of announcing the policy in advance are: (1) to limit
windfall losses to current owners, (2) to hold investment higher in early
periods and (3) to slow elimination of capital from the industry. Furthermore,
the length of the pre-implementation period could be chosen to optimize policy
goals: short to eliminate capacity rapidly at the expense of current owners and
workers; longer to reduce the burden on owners and employees but with slower
elimination of capacity. Notice that the difference rests entirely on the
assumption that agents believe the announcement. If they don't believe it, all
the consequences of the poliéy will be exactly as it was a surprise. This is

examined further in the next section.

5.3.3 Price Decline in Stages

1f it is difficult for the government to make credible an announcement that
it will implement a policy far in the future, it may be helpful to conduct it
using a series of small steps. As an alternative to the announced period ten
reduction considered above, the government could decrease prices to 95% in
period five and then to 90% iﬁ period ten. If this policy is believed, all
variables follow paths intermediate between the surprise and announced one-step
reductions. All three policies are shown in figure 5.3.3. If agents are
skeptical of the government and only believe policies which have been partly

carried out, this two stage price decline will establish credibility in period
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five., The response of the model will be as though a surprise 5% decline had
occurred in period five in combination with an announced additional decline
five periods in the future. Under this policy owners of capital suffer only a
30%Z loss at period five, rather than the 34% loss from the one-step surprise
policy. Clearly the number and timing of steps provides an additiogal tool to be
uged to achieve policy goals, particularly when implementation of some parts of
the programme helps establish credibility for the rest of it. This aspect
should be studied in more detail by allowing agents to have expectations with
non—-trivial distributions instead of requiring that they believe specific

parameters will occur with probability one.

5.3.4 Wage Increase

The results for a surprise wage increase of 10Z and an announced increase
for period ten are shown in figure 5.3.4. Qualitatively, the outcome is much
like the price decline experiment, although wages enter the investment cost
function in addition to affecting the marginal earnings of capital. Announcing
the change in advance limits windfall losses to about 12%, instead of almost

207%.

5.3.5 Price of Capital Increase

The outcome of both a surprise and an anticipated 10% increase in the price
of capital is shown in figure 5.3.5. Qualitatively, this should be just the
inverse of the capital subsidy programme disgussed in section 5.1.2, and
examination of the appropriate graphs confirms this. For the reasons suggested
above the firm is unable to exploit its advance knowledge because the returns

to investment are indepeandent of the capital stock.
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Figure 5.3.2: Surprise and Anticipated Product Price Decline
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Price Decline in a Number of Stages

Figure 5.3.3
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Figure 5.3.4: Wage Increase
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Price of Capital Increase

Figure 5.3.5
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6. EXTENSIONS

The models presented here are all fairly simple in structure, and a number
of extensions are possible which would make them more realistic and broaden the
class of problems to which they could be applied. One example is making
agent's expectations of exogenous variables more complex than just complete
confidence in government proclamations. Another, albeit obvious, improvement
would be to use more realistic earnings and investment cost functions. This
could be done fairly easily, and the analysis of the general case in section
3.3 would still apply. Ideally, these functions would be estimated

econometrically.

An important extension which can be readily introduced is bond finance; an
interesting model could be built in which the firm's leverage ratio was a
control variable in the value maximization problem. Summers (1981) has built a
model which includes bond finance and a gfeat amount of detail regarding the
tax structure, although the leverage vatio is fixed: Also, the number of
shares of stock ocutstanding was held constant in these models, but it could be

considered a control variable.

Disinvestment would be an interesting extension, as mentioned in the text.
Although it would be inappropriate in a CRTS model, it could be introduced with
diminishing returns. Related to this is the constraint that investment be
non-negative, which was satisfied in all of the current models because each
experiment resulted in an interior solution (positive gross investment). Even
without the possibility of diginvestment, it would be of interest to examine

cases where optimal investment is zero for some period of time.

One major extension would be to link a series of solutions together over
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time. This would allow the information set to evolve rvesulting in a succession
of optimal solutions to the planning problem. The actual path of the capital
stock would be an envelope of these individual solutions. ‘A preliminary effort

has been made in this direction and no substantial difficulty appears to exist.

6.1 Homogeneous Adjustment Cost Function

As mentioned above, the basic adjustment cost function used here is not
homogeneous in investment and capital. This means that the results obtained
will depend on the scale of the economy, a property which will be undesirable
in some models. It is not difficult to add homogeneity, but it can only be
done at the cost of eliminating linearity of the first-order conditions. This
will make an analytical solution usually impossible and will complicate
numerical analysis. In this section, such a model will be developed to
illustrate these difficulties. Several solution techmiques will also be

suggested,

It is convenient to change notation from that used previously: in this
section the firm's control variable will be the investment rate rather than the
level of investment. The two are related by I = iK, where I is the level of
investment and i is the investment rate. With this change the firm's problem

takes the form:

max | (EI(K)—Ct(i,K))(l’Tj)exp(—rT(u—t))du,
t

subject to K' = iK - 8K,

Solving this using the current value multiplier results in the following

first-order conditions:
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8E,  oC, B
A= (r1+6—i)h - — -2 )(l—TT),
3K BK

K* = iK - 8K.
To derive the final form of the first-order conditions, all that is needed

is to specify appropriate earnings and investment cost functions. The earnings

function used here will be the constant returns version discussed above, but

investment costs will now be given by:
C(1,K) = PKi( L+ (i) )(1-TD),
where the adjustment cost function is:
$(i) =y + 01,
80 the overall investment cost function is:
C(i,R) = PkKi( 1+#y+81i ).
Inserting the partial derivatives of these functions into the first-order
conditions above gives the following system:
A= P (L4201 (-1 (-1
k T T’
- 2 - - . : w8 _ad
A= (e -k - (B - B Qs (TS (-1,
K® = iK - 8K.

This is equivalent to the second-order equation:

2
P . - 8
it o+ i(g—rT-é P { — ) r ¥-g - X ) - £ P
P 2 28 P 207, (1-1)

The second-order character of this relationship is obscured because it has been
expressed in terms of the investment rate; using the constraint to eliminate

investment in favour of capital will produce the usual second~order form.
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Because the system is nonlinear, it is not possible to solve it using the
analytical techniques deseribed above. Numerical methods, finite differences
in particular, will still be useful, but are wmore cumbersome because of the
nonlinearity of the model. One way to proceed is to linearize the model and
solve it in that form, but this results in a certain amount of inmaccuracy.
Further discussion of this, and a description of how the linearization could be

done, appears in the technical paper.

In summary, introduction of a homogeneous adjustment cost function can be
accomplished but at a high cost in terms of tractability. For this reason, the
models here used simpler adjustment cost fuactions so analytical results could
be obtained. In small models used to develop intuition or to represent a
single firm or industry, this is probably not a serious drawback, but it would

be important in a model of economy-wide investment.
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7. CONCLUSIONS

The most important result obtained here is that foresight matters a great
deal. This was vividly demonstrated by the CRTS model and the dividend tax
experiment, in which an extremely simple model and experiment generated a major
difference between a surprise and an announced policy. WNot only was the
capital stock different at implementationm, but investment and the firm's market
value changed substantially at the time of announcement. It is impossible to

ignore the effect foresight, even in a short run model.

Not only are such models useful for understanding the path of investment
and capital, but they also provide information on the capitalization of
policies into the market value of the firm, This is of vital importance if the
welfare of equity owners could influence the decision. Even when the decision
maker is not concerned with their welfare in itself, the possible windfall
gains or losses will provoke a considerable amount of political pressure for or

against the policy.

Overall, introducing foresight provides a large amount of insight and
flexibility at a small analytic cost. It extends the range of policy questions
which can be considered, and it provides detail on windfall distributional
effects which are not otherwise available, Finally, it differentiates between
surprise and anticipated policies and, under reasonable assumptions, the
difference between these can be considerable., The only disadvantage to the use
of sophisticated foresight models is that they will usually require numerical
analysis to solve. As demonstrated above, however, techniques are available to
perform such analysis which produce highly accurate results at minimal

computing cost.
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APPENDIX

A, Isolating the Announcement Effect

Numerical error near corners in the path of capital arises because of
discontinuities in the second derivative of capital: the derivative goes
abruptiy from zero to a large positive value. This suggests the error should
depend only on the derivative of the optimal path of the capital stock; the
structure of the model matters only to the extent that it affects this
derivative. Consequently, the error in the diminishing returns model near
implementation of the subsidy should be similar to that in the CRTS model, if
the post-implementation K~ is similar. Also, the true diminishing returns
solution should be sensitive to the value of «, the coefficient of the
éhadratic term in the earnings function. The first effect can be examined by
observing the behaviour of the two models as the size of the subsidy is varied,
since one effect of this is to change the derivative of capital after
implementation. Both models were subjected to announced subsidies of 10, 20,
50 and 75%, and the results for the first 20 periods are shown in figure A.1.

The derivatives at time 10.25 were as shown:

Constant Diminishing
Subsidy (%) Returns Returns
.10 L0134 L0091
.20 L0303 L0200
.50 L1244 0741
.75 .3936 L2019

The obvious conclusion from observing the CRTS results is that the solution
technique breaks down for very large shocks, although it performs as expectedi
for small changes. As discussed in the techaical paper, this could be remedied
by using more grid points in the finite difference approximation. For any
particular subsidy, the CRTS solution has a substantially higher value of K~
immediately after implementation, so the error in it is an upper bound oun the
error in the diminishing returns model. The conclusion to be drawn is that the

6% decline in capital at implementation generated by the diminishing returns
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model is overstated, but only by as much as 2.5%.

Further evidence that the diminishing returns model ig behaving as expected
is given by its response to variations in «. The results of the announced 50%
subsidy experiment are graphed in figure A.2 for a number of values of a.
Clearly, increasing « leads to a decrease in capital at implementation. This
occurs because as @ increases, the difference between post—implementation
investment and steady state investment increases. The capital stock gets to
the steady state more rapidly, so the penalty for having low capital at
implementation is lesas. Also, since the derivative of the capital stock is
decreasing in « (because the steady state is decreasing), the numerical error
should also be smaller for larger a. The gap in the & = 0 schedule is thus an

upper limit of the error in the other curves.
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Figure A.1l: Influence of Subsidy Size on Numerical Accuracy

Curves shown are the péth of the capital stock for a subsidy
of the indicated percentage. The capital stock is expressed
as a fraction of its original value.
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Effect of o on Numerical Accuracy

Figure A.2

The curves shown are the path of the capital stock (expressed

ted values

indica

1 value) for the i

igina

ts or

i

as a fraction of

of a.
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